
Ramsey numbers



Definition : The Ramsey number RIK , 1) is
R(k

,
e) = mindn : any graph of onn vertices

contains

either a clique of size k

or an independent set of size 23
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Theorem (Ramsey
The Ramsey number R(k

,
1) is always

finite.

Proof : We will prove this statement by
induction on k + e

#use of induction : R (2
,
m) = R (m

,
2) = m

Stepof induction :

Lemma : R(k
, b) < R(k - 1

,
b) + R(k , l - 1)



Proof of the Lemma : Suppose that R(K ,
2-1) and RIK-1 , e) are finite.

Let G be a graph on R(k, 2-1) + RIK-1 , 2) vertices .
Let o be a vertex of G. The degree ofw is

either > R(k-1
,
2)

or < R(k-1
, e)

/

If deg(v) > R(k-1 , 1) we consider the subraph G of G induced

on the neigbourhood of v. G' has at least RIK-1
, 2) vertices .

Therefore G' contains either a clique of size k-
or an inset of size &

Therefore
,

G contains either a clique of size k
or an inset of size I

.

Why ?

If deg(u) < RIK-1, 1) , then w is not connected to at least

R(k
,
2-1) points. We consider the subgraph G"of G induced on the vertices

not connected to 0.
G" contains either a clique of size k or an inset of size 81.

Therefore
,
G contains either a clique of sizek or an i-set of size e. X



Exercise: Complete the proof of Ramsey theorem.
-

mary: R(k
,
1) = (k 2)

R(3
, 3) = 6

R(4 , 4) = 18

R (5 ,
5) = ?

It is known that 43-R15
,
5) 48



Theorem : For
any K3,

R(k
,
k))2 - 1

-

Proof : It suffices to prove that there exists

a graph G(V
,
E) such that

12 -1
V = 2 and G contains no cliques and

no independent sets of size k.

Consider the finite probability space Y(K, 2)
of graphs onn vertices

1
probability of each edge is

2.

P((83) =

u)
= 2()



For any fixedh vertices the probability
that they

form a clique is
form an independent set

Recall : P(AUB) 1 P(A) + P(B)
for any two

events A and B.

↑ (A random graph in Y /W, ) contains a clique or
an independent set)

= P)UGS forms a cliquely UCS forms an i-sety) <
subset ek in [n]

= 2()21k)



Suppose that n = 2
E - 1.

Them

2() = 2 .
n

= 22E-1K.
- 21

+ E - - E + E
= 21-E1.

Therefore
,
there exists a graph with

n vertices and containing neither a

clique nor an inset of sizea


