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Definition: oA &Wda/ rebation on a set FH
is  a  subset R< AxA
J’4’ velation s an ‘é/'{ymme%f/'c jprovi deol
Ccllg)é K ano (6, a,)é/Q /'nfl/a% a=7".
A velation s dramsidve f (q€)e R and (§c)<ER
{M/O%L (ac) € R
A velution /s reflexive 4f (aa)e K Jor all acR.

Examples ; @ TI’)Q relobion " g /4 'S
C&I/L{“/'Sjmme-ér‘/'c/ "Z‘FQ/VIS/%/'VQ and ”f“eﬂeJé/'U’e
@ The velation " £ " on A 5

amtisymmetric , tramsihive anmd  not reflexive

The relation "cCoprime” is not antisymmetric
hot tramsitive , and not  reflexive.



géef;m‘éfon: A /DM%/'%@ order on a set H 5 an
anfz"éjmme/m'c , reflexive ) and  transitve
relation R S H < A
A /mmfw'af@ ordered set (o poset  for short ))
s a set  together with a partial order

£xmple I Lt A be a et The st ZA of Subsets
of A s /oa/rﬁ“a% ordered gg ancbusion.
Reﬂexim'vldq .' X = X
Transitrity; if X <Y, Y €2 then X <7
Afisgumeteicity ! if X €Y amd YSX  fhen X =Y.



é xcu/vllole 2 The et Loy s /Oar{/'ézdj ordered ég
gj the relation " A divides n'
Reflexim'v[dc, .' nw  divides nw
Tanmsibirity; f A [n  and L [d  thew dln
A’\“’T'Sjmme{ﬂ'dwg( .' i n /m and m |n thew M =n.

Hasse dia  grame

Oéjé X g@ L%e divisors of /2 At Y te the Subsets of
o~ @ L bl 6’/ , {1, 2,3} oro/jrez( 35@ inclusion
N %l{{ ) \{z 31
v : 1> s
PR SRR
5




%eaﬁ{'m{n’on: A /Da/r%'a,[@ orclered  set [X/ é) /5
Zomﬁ% Fimte f  for 2l x y € X the
tnterval

EX,?]/={%6><I yé%éxj
5 fiwite.

We SU«# that Qe X s a zero element of
O <L X Jfor‘ all L € X



MPbus inversion for poets

0(U£ ( X < > g@ a Pa/rfm% oro/e/eO/ /&Ca//% ﬁh/’/e fef with O
S“’PPO‘W’ that JL X—=>C s a thmaﬁbm

We o/eft"ne a  hew fwmpﬁbm F:X-=C zfi

/4

(0 Z (v v
Ir (r
< = "% divedes
How 0/0 we fe(,olfer Jﬁ J[mm F? / \“/ g
; Classioal M &biu
W@OV em ( Mébrys invecsion  for Posefs) veesins ﬁ;\ u Las

Given a /aa/éfa,lég ordered.  set X ) there 15 a two wnable
fu/mc/tlbn M: X xX =R  suh that
Fly = Zf(j) <=> 3(x) :Z F(QXM(jﬂ()

Y< X o &
/Vl 15 called the Ms8ius Funmction of +the poset.




%eﬁmjm'(m,; Giren  a {Dcméfa/ééy ordered set X | the
meidence a/Ljeém, A X) /s the set of complex— vatued
Functions £ X C Sm‘i“sfyp'n? Jl("/y) =0 wmless x<y

A(K> 5 a vector Space  over C with respect to fpointuise
addifon gy mulloplication Ky Scalars.
To make it ints « elyebra’ we weed one more gperztion

Séef('m%'on © Giren J[/ g e A( X)  their Cconvotitivn f ¥ j
15 def/neaé é}
frgla, -l FRDEEH
2. X <7 <
/\/o+e, that :§ * g (x,'ﬁ) -0 ¥ X is not < ’g,Heme 3("5634()()
£K€,FCA‘S€1 COV\U’OQMHO& ¥~ o assouative (5*@\*9\ = 5*(9*’@) ‘



SD%W‘JC\“on; Wne delta Jﬁbwac;é’on, > s the fol[ow/’ng
element of A(X):

4 1§ X =4
0 (=, y > =
O Oﬂ@ru//'se

Exerise' 0 15 the wwd i the a?@ém H(X).
That s, Jcor L f € %(X)

Jcae?- 0 ¥ £ = .

Covwolx.u‘fom ¥ (S moﬂ &&u%g comm,u{:a:ﬁ'ue A
S§¥g Z gxf



Jorma: A Sunckion £ € ACX) has a Gaft and
Tt“ﬁ&/t (nverse  with ref/:)eaﬁ W  the eonvobution f amd
om% of f(x, x> #0 HJor all xe X

froof: Given £ € AX ) we find ﬁéﬂ(X} fuch
that
Jc%g(x,g)d—ejl ROTERI AR Dl 0x4).

X<2 ég(
For atl x X

DC¥8 (OC) 9(‘,) = JCCx)x) 3@()13: 5(3;}13:4_‘

We(ejore) the  conditibn f(x,x)#0 dJor ald xe X

15 newssary  for  the existene  of the wwerse.



We  define glx,x)i= Jf(x/xsi Por ol xeX,
To define 8(99 y) gFor x<Y  we assume 55
wmouckion | that we have a@readg found 2l 2(2,9)
Jor bl 2, sebisfying @L< ESY
Then
Sxy =0 < Lo Fx 2 gz, y)

xé%é}

,Jﬁu)xjg(x,g) = Z f(x,%\&(%ﬂaﬂ

QC,<%£§
We com Jcmo{ 8(x‘g) »,Crom tHug ldemja‘ﬁa 'geca/ase
£, XD %0 and we know o the terms of tha
fuwte  sunme o the right side.



Fl'maﬁﬁg) if I * 9, = o ano gl*JQ:S
then
Jo= 8.%% = §u*E* g0 = (708 )*9, =505,

W@fefore . the Lt and twe right inverses
of I Colucide. .

This finishes  the  proof B



Deffl/u’%z’om,: The zeta Function FCx,y) of the
poset (X <) 15 the  fumction

%(x/8> _ {/1 i X<y

0 otherwise

The e Jﬁwncwéf@n M x,y) /s the inverse
of zeta Ffunchon Z with vepect  t  convvlution,

MeZ = 2 «M = 0



Foof of the Mobus inversion Sor posets.
dt £ X 2T b a fucton awl FiX>C

is  defined gg B
SO0 = L fu)
T"\m for a fied x e X Jex

2 i:(:])- M(j)x)fz M(j'@'z JC(%)
jéx Y<x zéj
=L ey My - Lty L My,

%,j: 2g5{gx z2<X Yi2eyen
:;\0@5 (%E? (2,9 /‘/\U,X%Tgﬂ((ﬂ M)y

= ) =
%E $(=y 9(z,x) RIES



/{/Ou/ we Show fhfoé ﬂ!e vearse 18 aebo ffqe
et FiX 2C e a feucton andl we defue F@ X-C §

f(x) = yzéfx \:(ai) M(g)x) )QCQX,
Then
T fo- ) ) F» M(%,(@ =
Y < Jsx =2y
= Z \:(%BM(%A&j = 7_- F(%)M(%,jBZ(jx)
2,4 . 2<Y <X 4t 2€Yy<x
; 72; F(%\( L M(%)w%(jﬁqs=ZF(235(2,><)=F()<)
- d ¥yi TSy < B

Zh



Mow Ot as wm/omfe the Mobus aliwzub“om,

for the Qﬁottou/mg two  posetfs,
® The Set «2 orderedl 55/ inclusion. where As a firite  set
@ The  cet 4y, ordered @ "d s a diwsor of n"

A
a(u;: Cdet A Bt b of subieks of a fute et A
s paxrﬁa/% ordered %(7 mc&zhofz
The  M¢bius funcbon  of 24 s Sven %

My <y
wlere T = 3, A
Prooj— L Mext stide



We A&We JD&) s%ow %&lmf M%%’—é\
Jok X,y de two subsets of A such Hat xSy

We  compute
M* 2 (x4 = L M (x,2) £,9) -
2 xs2ey We define Wi= Z\X

hew Swmmabon variafle w

(x| 1=|
= Z (’/(> @ vuns over all  subets of g\X

28 REZE( Morteover, W > xUW =2
IW‘ O Ia\xp,, 5 a grd’ecil'ow Between su,gsej's
- 5 )
@ z< ”1) = =5(X,‘3> 0§ Y\ X amol.  the et of ufiets =
W S Y\X /]))3\X\=¢ such  that xc2Z ey

This  finishes  the preo§ H&



me ; COMH&/@( ?ékz S@l{ _74)/, /Da/rfm,ﬁy ordered
6_7 the  relation " x didvides & 7

—m% the /V)é'g/'us J(wmofibn of tus /JOJQ/LL =

:”a[iv«‘c/esf
MGy = (/=)
froof: We need 1o show that M¥ET =0
For c U, Ah X we
e S l ¢ We have

M¥Z ()= L Mixed Zizy) = enlafd

2é7_£> ; tl's sl

in ‘H‘e fivst video
x<%¢g%we make a chavge 4

x =1
= M(o() {) —B(Xj\

| < h
= o thecwise

_ Z ,\/\ ( . the swmmation variafle
)

2z x|z, 2y 3 e
, ; d vans over divisors of ¢




