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Theoren CKC(@HAO}{) Jot G 6be a  connectedl
3(@#% on N vertices, Thew the rank of the
daplace  matrix L(G) /s n-1.

Lot 0, As,..., 2oy Be the egenvabues of L(G).
Wen the nuwmiéber 0()[ S/Dcmm'mj ‘trees Of G /5

1
N ?\4‘?\2”' %n'f .
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\ / Characteristc [Do/j of this wmatrix:
det (L~ x /0{4) = x7-10%>+ 32 x=32 X
ézget/w’aic{es (OJ[ %h/‘s mwfﬁx ane,

©,2,9,9

Matvix Lree theorem /'m}olfes.‘fhfs gm,/o% bas & SPQV?”/'@
trees.



Lot M=M(G) be an incidencg matrix of G

dot Mo(&) be the makerx obtained Hrom MI(GD
@ remov’/'ng the last row (MD(@> éM(lv\-i)xlE\(l»

Lot SckE 6o a sybset of edgeg such that
\ s | = V(& -4,

M, (S) = submatcix of Mo(6) Hormed gy columns
of Mo Indexed by edges of S,



domma: b S be a set of h-4 e&(ﬂeg of G
I£ S does  not form  the set of edges
0f a spanning tree  then detfVl, (5)) =0
Lf S s the set of edges of a Spaming
tree of G then ole)é(/\/lo(é)) =24,

€xampe;

) | S= e, e, 6.5

/& -1 1.0 0 O :
. =] 0 0
EQ; M(G)@>: O -1 1 -1 0 0 ) 0

/ 00 0 1 1 M, (&)=

e 7 10 - 01 o 0

det (Mo(8D) = -1
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Prool  of +the lemma;

Fiest Suppose that S s not the et of ep@es OJLQS/oqnm/'ng tree.
Then  some  subset R of O forms the edges of a cyele C G

5&(9/0056 that  the cqcle C has eo/ﬁes ()[@..‘)fs b this ender
dok Ji ),‘,)q?); fo  the wrreS/oowl/nj column vectors of MO[S),

Def:‘me é | 4§ orientation of £ cocides with ONentation gf C
¢ . -1 /‘:][ nO_é. Cgm &y :§/\ :gl :%5“'
AN
- b =0 i (e /
We Azw'e : Z o T T §
L= e

Therefore ek (M(8)) < n-1 = det CMO(GD =0.



Now  suppose  that S s the st of edges of a Spaming tree T

Lt e b an 80{76 of T whih s connected to Y.
The column 00[ Mo (S) /ho’exea( 5(7 e contawms QXaan/g,

U

i

ohe non - zero emjcrj (whl'(/?/\ (s £ /1).
=

Remove feom M, (5) 4he row containing this N

hon- zero eutry and te column comeponding To €
/

We obtain a (”‘Z)%(W-Z) matrix M,
We have det (M, () )= T det(M,)

M,[51

1+




0(U£ T/ be the tree obtained O[romT @ comfmf/é/hg
the eo(ﬁe e W a single  vertex

T e 2% % T
TN SN

_/14914, ﬂ/lg s the madrix obtained from the incrdence
motrix of T° Kj femmf/'nﬂ the ryow wndexed 5; ©.

/%g dVlO{AAdtz'OM on the wumber n 005 ’U’@/%'Céﬁ we. have
det CMO/B =1 (‘Wle case N=4 15 %m'v'/'aé),

This Finishes the proo§ of +he lemma | 7))



Lt A be afedwjof/af makrix — of  size  mxI.

Suppose M < amd S 5 an m-element <ubset of 1,2, nJ.
Then we  dencte @ ALS1 the matrix (A;J'%:g..ym.

COVISI'S%;'mg OJ( CD&&MMS 05 /4 /'no/exepl ﬁj 8/9”4814/% OJC S J€5
Cixampl
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fr - (5 6 ?—) y 5=, 3% | AES}"(; ér>
Theorem < Binet - Cwofﬂd%)
et A BE M (@) T men  +then

det (AB) zsj (det ALST)(det BLST)

/w[Aere S rums over abt m—e/ememf sybsets of {4/2),.)#)},



Fool of Kicchhofs?s theorem

Recq 00 L(G) s the La/o/ac@ matrix of G

o(g/{ Lo(§> bo the watrix obtained fmm/ L(G) @/
(mmom’ng the last vow aud te last  column.

Ly,
_ Lo(€) |4 (
L C§> = 0() '; - — 21_ LJ L:ﬁr-»/ﬁ Y\AL(G) < l/)
| d=
Ll,h Zlm
- ko 1 O @) 1 -1 [
LD 8 4 4 O -: ’—-D b 1 O ' Lo O 1 O -1 ’——o Lf'h
e O/\_1 = : O/\ | e v e 04-1 = :
06.- 0O 00 1 oo--- O A -1 1 00 .. O| |00 1 Luy Lz Loy

Execise:  Show +hot det (Lo(6G)) = % N2y Dy,



We have L. = M, ME
By Binet = Cauchy theorem
© (L) - Zg [ det M,LST) (det M, [ST)

151 nl Hete  we uge the
- <o!@/t M [g‘g Femma
Sck
|51=n- N -
-3 (£ -+ )_ (o)
5 S
V. (s
S is the set of eo({;es Sk nt the sef of
0& a SP(LVIVH'M?( tree eoﬂgeg of a Spanmna
tree.

= the neumber of éf&u’lm'yg trees in G-
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