
Matrix tree
or theorem

Kirchhoff's



Theorem ( Kirchhoff) Let G be a connected

graph on n vertices
.

Then the rank of the

Laplace matrix L(G) is n-1
.

Let 0,7in , . . . ,Xn - i be the eigenvalues of L(G) .
Then the number of spanning trees of G is

1h ✗ n' ✗ z ' ' ' ✗
n -1

.



Example :

2 -1 0 -1
•
Y

L (G) =/ -1 3 -1 -1

0 -1 2 -

V4 • • V2 - l - l - l 3

Characteristic poly of this matrix ;

• det ( L - X . idy ) = ✗
"-10×3+32×232 ✗

V3
Eigenvalues of this matrix are ;

0
,
2
, 4,4

Matrix tree theorem implies : this graph has 8 spanning
trees

.



Let M = M( G) be an incidence matrix of G.

Let Mo(G) be the matrix obtained from MLG)

by removing the last row . (Mo (G) c- Man - 1) ✗ IEITKD

Let SCE be a subset of edges such that

151 = IV (G) I - 1 .

Mohs) : = submatrix of Mo (G) formed by columns
of Mo indexed by edges of 5 .



Lemma : Let 5 be a set of n-1 edges of G.
If 5 does not form the set of edges
of a spanning tree ,

then detlmols ))=O .

If 5 is the set of edges of a spanning
tree of G

,
then det (Mols)) = -1-1 .

Example :

•
Y

S = { en
,
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,
es}
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ez
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V4 •
es
• v2 M(G. 6) =

0 -1 1 -1 O

O O O 1 1 Mo (5) =
0 -1 1 -1 0

ey O O O l l
es
•

1 ° -1 ° -1
1 0 -1 0 -1

V3

G. 0 det(Mols)) = -1



Proof of the lemma :

First
, suppose that 5 is not the set of edges of a spanning tree.

Then some subset R of 5 forms the edges of a cycle C in G.

Suppose that the iyde C has edges fn, . . . ,fs in this order
.

Let W→
,
,

. . . ,Ñs be the corresponding column vectors of Mols)
.

Define
y
,

: =
f -11 if orientation of fi coincides with orientation of C.

L - 1 if not
.

fr f- £3 ' ' '

v.¥¥ rn -1 +1 0
s

We have :
I ki.io?.--O.s-itTf

"
no -1 +1

vfy

y
'

:
0 -1

in +

.

. 9 o i.
vs -11 ☐

:

iv. in Ñs " '

Therefore rk ( Mols) ) < n-1 ⇒ det (Mols )) =0 .



Now suppose that S is the set of edges of a spanning tree
T

.

Recall : Vn is the last vertex of G which corresponds to the row

removed from M to obtain Mo
.

Let e be an edge of T which is connected to 0h
.

The column of Mo (5) indexed by e contains exactly
one non - zero entry ( which is ± a)

.

.

•%0n

le
Remove from Mo (5) the row containing this Avi:

i
'

-

non - zero entry (the row corresp.to V;) and the column corresponding toe .

We obtain a ( n - 2) ✗ (n - 2) matrix Mio
.

e

±
We have det (Mols) )=±det(Mi ) 0

:
Mols]

4. → ¥
:



Let t
'

be the tree obtained from T by contracting
the edge e to a single vertex u :

•

. :
•

.

:

T •
• u

T
'

•

e my
•

•

:
:
: : :

Then Mi is the matrix obtained from the incidence

matrix of T
'

by removing the now indexed by U .

By induction on the number n of vertices we have

det ( Md ) = -1-1 ( the case n=2 is trivial)
.

This finishes the proof of the lemma
. F



LetAbe a rectangular matrixofsize mxN.

Suppose men and S is an m-element subset of41,2,..,n].
Then we denote by AlS] the matrix (Aij)i =1...,m.
consisting ofcolumns of Aindexed by elements of5. Its

Example.
A =(58%), 5 =41,33,AlS]=(5 E).

Theorem (Binet-Cauchy)
LetA, BeMmxn(K). If men then

det (A.B =I [det A[S])(det B [s])

where S runs over all m-element subsets of21,2,..,h].



Proof ofKirchhoff's theorem:

Recall:((G) is the Laplace matrix ofG.

Let L016) be the matrixobtained from ((G) by
removing the last row and the last column.

L(G) =Loss Lin=-zij, is.n r1L(6).<n

Lin Lan

1,8 - Lo
1,8 - Lo↳ 8.0:

1 - I ↳ .
.

Lo 8.0:
1 - I ↳

00... 000... 1 00... O
1800...00.....

La Lue ... Lun

Exercise:Show that det(ho(G)) =hxnX2....Xn-1.



We have Lo =Mo. Mo.

By Binet- Cauchy theorem
-

det (20) =2 (det MotS]) (det M [S])
ScE
151 =n-1

-zdet MotS]
= 3 Here we use the

Lemma

Isnt ( =1)2 +50)
S A

S is the set ofedges S is not the set of

ofa spanning tree edges ofa spanning
tree

= the number of spanning trees in G.
/.


