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Definition : The Fibonacci sequence tFn3n=o
is defined by the following recursive formula :

Fo -- O
,

Fe = 1
,

Fntn = Et Fm
,

htt
.

0,1 , 1 , 2,3 , 5, 8, 13, 21, 34 . . .

Another intepretation of Fibonacci numbers;
Let Sn denote the number of ways one can climb

n stairs if allowed to jamb 1 or 2 stairs at once .

REE EE EE
Sn is the number of solutions of the equation Xytxzt. . then
where Xie { 1,23 and k is not fixed . Thus

We observe that Sr = 1 52=2 and Su - Sn - it Sn - z .

Sn -- Fm ,



Identities for Fibonacci numbers

0,1 ,
1
, 2,3 ,

5
, 8,13 ,

21
,
34
,

. . .

1) 0+1=1
0+11-1=2 Fo tf + Fat . . .

+ Fn =

0-11-11+2=4

O -11+1+2+3=7

2) 0,1 , 1,2 , 3,5 , 8,13 ,
21,34

,
. .

. Fema =

3) 9=1
71-2=3 I + Ft Et . . .

t Em ,-1-121-5=8
It 2+5+13=21



Fibonacci members and golden ratio

Golden ratio is the number
g

Y = 11¥ = 1.678033 . . .
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Explicit formula for Fibonacci numbers

Consider the generating function of the Fibonacci sequence:

F Cx) = Fo t E x + Ex't . . .

-i Fn x " t . . .

D

X
'

F Cx) = E F x
"

h = z
n -2

X - F Cx ) = ⇐ Fn , X
"

FCx ) - x. Fix) - I Fox) =⇐o Fnxn - EI Fmx" - n.IE -zxh
= Fo x x Fn - X - Fo t.FI#n - Fm - Fn-2) x" = Ot X O = X



Thus we find :

F- ( x) - ( t - x - xD =X

Thus

F- Cx ) = -× as formal power series .
7 - X - XZ

Exercise : Show that there exists a unique
formal power series f- ex ) = ofnx

"

such that

f- ( x) . ( r - x - x
'

) = X
xThe function ¥2 has derivatives of

all orders at the point x=o .

We will compute the Taylor expansion of this function
at a =D

.



The polynomial t - x - x
' has two roots :

X
,
=

-1¥ x. =
-ttz

¥×. = = (¥. - #a) ¥x.
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.
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Therefore the Fibonacci numbers satisfy :

E -

- ¥ ( ( 'II)
"

- ( EET )
= fg ( 4

"

- C-II )
,
n > o

Fo = Ifs ( t - e ) = O V

E -

- ¥ ( 'te - 'II) = y r


