
M%Gius inversion

formula



Let f : 11 -> & be a function

We define a new function F : 1
, 1- Coy

ne1x1
.IF(n) :=f summation is taken overed

positive divisors of h.

Example : Let f(n) = 1 for all neth
,

Then F(n) = [1 = number of divisors ofa

Question : Suppose that we know F.

How do we recover f ?



DefinitionThebinsfunction Mi
Suppose that ne I

, I
has the prime factorization

n = p.
% .pz.... per

then

E for n = 1

Min) : = 6 if some e> 1

(1) if= =
...

= er = 1

Example : M(2) =

M (3)
= - 1

, M(4)
= 0

, M15) = - 1

M(6) = 1



Lemma :
For ne

, 1
we have

n M(d) =

1
,
ifn= 1So

, if n

Proof : First
,
we check that thelemma is correct for n = 1:

M(d) = M(1) = 1
.

Now suppose that ne 111 has the prime factorization
n = p... per ,

2
, ...,
231

Set n*: = P: " Pr
,

the square free part of n.

If dIn and d4n
*
then d has a prime divisor of

multiplicity > 1 .

Then M(d) = 0. Hence,

in M(d) = En* Mid) .



Now we can easily compute:

* M(d)= (d) = [M)P)
ICh1 , .., ry

sum over all subsets

of 41 , ...,r]

=

[ (rt =1)() = ( - 1)= 0
It 41, . .

.,
ry

This finishes the proof of thetemma



Theorem : (Mobius inversion formula

Let 5
,

F : <
, 1

-> I be such that

(80) F(n) = f(d), n =1
, 1.

Then

188)f(n)= M(d) F(n /d).

Moreover
,
(g) implies (8).



Proof : Let d and n be numbers in
,

such that 'd divides n.

Then F(n/d)=ind) F(d).
Therefore

n Mcd) F (n/d) =2 MidIf
Consider the set Sn of all pairs (d,

d) Tc
,

such that

dIn and d'l (u/d) ·

If n and its divisor d' are fixed ,

thena runs over all

divisors ofN/d·

We canchangethe orderofsummationla



Recall ;

I fld'sM By the Gemma

-ntist Md)) =/M =P

= f(n)
.

This finishes the proof of the inversion formula.

Now we will prove the second statement of the theorem



Let F : T
, 1

-> I be any function.
&

-

Set f(n) :

=I Mid F()
Then for nel

, 1

nf(d) =Mid)(
We make the change of variables in summation

[ (d ,
d) I din

,
did 4(d"

,
d") Id"In , d'l

(d
,
d) (d)

The inverse map is given by (d",d)> (d'd", d)
E [ [M(d) . F(d")= F(d")[Mid) = F

d"In d'I

/ G
Use lemma

This finishes the proof of the Theorem #


