
Computing the number

of cyclic sequences
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Definition ; LetA be a set. A linear
sequence

of lengthh in alphabet A is an element

of A" :

a = 191
, ..., An)

,

drEA for K = 1, . . .,W.

- -- -
-
-

The number of linear sequences of tenth n in an alphabet

of sizer is r?
Consider the following equivalence relation on the set of

linear sequences :

(a 1
, . . ., an)-(92,

Az
, . . .,

An
, 1)

Two linear sequences are equivalent if one of them can be obtained from

another by a cyclic shift.



Example ;
---------------------

&
Definition :
A cyclic sequence of length n in alphabet A

is an equivalence class of linear sequences with respect
to the relation ~.

Example : There are 8 linear sequences of tenth 3 in alphabet [9,
6)

and only 4 cyclic sequences

aab abb

& aaa & & 8880aba 6ab
baa 66a



Proposition : The number T(n
,
r) of cyclic sequences

of length n on an alphabet of sizer is

T(n
,
r)=[ P(u/d

Here $10) is the Euler's totient function.

Proofi
Definition :a period of a cyclic sequence (an, ..., an)
is a minimal number Ke41

,
2, ..., h) such that

(an
,
82
,

. ..,n) = (@
1 +k

,
92+k, . . .

.
&1

,

92
, . . .,

91)
are equal as linear sequences.

Exercise: The period of a sequence is a divisor of the sequences
length.



Let M(d
,
r) be the number of cyclic sequences

of length d and period exactly&

Example: 4
aab abb

Jana & & Joseaba 6ab
baa 66a

Period 1 Period 3 Period 3 Period 1

T(3
,
2) = 4 M(3

, 2) = 2

The following identity holds :

un = d . M(d,



?
Linear sequenchs) Tons learn 3of tenth n ofreques

a

in alphabet [r] in alphabet [r]
aaa R

>aa
class Il

aa b

Example:
aba " ala sequences
baa

66 a

6 a b Pa
↓ jacena)abb

666 - in alphabet [v]

The number of preimages of a cyclic sequence under

the map It is d
,

the period of the sequence .

Therefore 1Chr= d.IMel
set of cyclic

sequences sequences ofeenth d
This proves the claim. and period d.



Starting with the identity
w" = [d . Mcd,

we apply the Mobius inversion formula and

obtain M (d) rMd

n . M(n
,
v) =[ Mid/n i (1)

Each cyclic sequence has well defined period dand it

corresponds to the unique cyclic sequence of lenthd and period d.
Can

, .., Ad,
An. .. ad

, ...,
an

, ...,
ad) v (91,

, ..., ad)

Thus Tcn
,
r) =[ Mcd,. (2)

Now we substitute (1) into 12) :



T(n
,
r)= M(d

,
r

=Ina
Md/

we introduce the new summation variable d=

On M(d")
Now it remains to compute the sum :

[ M(d")
"It

Exercise : Show that for net1 Mid=h



Using this exercise we compute

T(n
, r) =[

This finishes the proof. Fl,

There is another method to compute the

number of cyclic sequences using the

Burnside's lemma.


