
Binet-Cauchy Theorem



Let A be a rectangular matrix of size MXN.

Suppose MIK and J is an m-element subset of 41, 2, ... n).

Then we denote by A[J] the matrix (Ai,j)i = 1. ....
m .

consisting of columns of A indexed by elements of J .

It]

Example.
A = (193) , j = 41

,
33

,
At3] = (5)

.

Theorem (Binet-Cauchy)
Let A

,
Be Mmxn (4) . If mon then

det (A . B") = [ (det A[3]) (det B[T])

whereI runs over all m-element subsets of [1, 2, .., n].



Proof ; We have

A = (A: j)(, j) = [m]x[n]9
B = (Bi

, j)(i
,j) [m]xIn]

and

(AB5) i in= Ai, Bi , j .

We compute

det (AB") =Esign(AB isa "
& det A[J] · det B[J]

JCM,...,
m

131 = m

=>sign(AjBc jinn (Zsignce is
m

=[sign mAji Basis
,J

!
(sign(TrB

(j1, ..., jm) EST
, ... ,

him
m

Lemma : Let (jn ,
. . .

, jm) = 41
, .... n3

.
Suppose thatjs = It for some

pair of indices St .

Then
M

* = [sign() T Ai
, ji

· Bail
,ji

= 0
.

MESm i = 1



Proof : Let 6tESm be the permutation

that interchangess and t and fixes all

other elements of [m].

Then for each Me Sm we have

sign (106) = - sign (11) ·

Hig Broi ,
(i)j Br,ji)AjBi,

=(AijBe , ji) As
, jetjAjBt

=HijBe , ji) As
,BecjAjBs

=Hi ,Broi , ji) ·

p



Thus

signct Aji · Bacil , ji =

=

- signs Aji · Broil , ji .

Since the mapM Mos is a bijection on Sm

* sign Aji Baiji

ThereforeA = 0
·

This finishes the proof of the claim. A



det (AB") =EsigniABTic
& detA[J] · detB[J]

JC (1, . . .,n]

131 = m

=I signe AjBai, = [([sign(iss) ·11 < j2?IMEM MESM m

= [signces Z
& ESM (jrs.in) Edis-,

hi Anji Basis, de ( sign(x) Bill
use the Lemma

= [signce) [ Aji Basi,
MESm (j, . . ., Im) E47, ..,

43
all coordinates are distinct

=Isign17 ..

Simen [AsBac,



[ signce) [
ESM 17imn[AsBac,

= I & [signce) (FAs)ij1[j ... <jmIU MESm FeSm
S

We make a change of variables: =it
,

to it,

Then x = To the and sign (2) = sign ( +h) · Sign (512).

sigsign)



Isignin sAs Bas ,j

= I S
1 p ...signe(A)j
We make a change of variables:= it

,

to it,

Then x = 5 oth and sign (2) = sign (th) · Sign (512).

⑤ &
1 i ...

sigsign(s)is

= [
↑

S
-j ...
man Sign (i) (MAs)signBill



Finally ,
we observe that

insignins)signBill
= [det (A[ , . . . , jm3]) · det (BEEje , . . .

, jm3])
1jn ... Im* N

= I det (A[J]) · det (B[J])
·

J241
,..., n]

131 = m

This finishes the proof of Binet-Cauchy Theorem


