
Generating
functions

Combinatorial applications of
polynomials



Philosophical observation :

Natural numbers and finite sets
are two sides of the same coin

Another observation :
Arithmetic operations and operations with
finite sets have

many similarities
.

Eixample ( at f ) . e = a . @ + b. e

(AUB) he = IAACIUCBNC)

use the power .
ririiiniei: 'manipulations

to speed up combinatorial computations.



Combinatorial applications of polynomials
Example : How many ways are there to pay
the amount of 21 franks with

6 one - francs coins

5 two - francs coins

4 five - francs coins ?

Solution The number in question is the number of solutions of

Kat Kat Xz = 21 (A)
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as C- {05,1-5,2-5,3-5,45}

Consider the following polynomials

Py = Ttx -1×2+23 + XY + x5tx6

Pdx) = I txt x
"
+ x6+ get + WO

i

P3 (x) = It 25-1×10 + 215+220

The number of solutions of (A) is the coefficient of rock

in the product Pack) - Pdx) - Pdx) .



Operations with polynomials
PCx) Arrack Q (a) = brock

O

i. Addition

(Pt Q )Cx) = II. (Art bn) x"
2 . Multiplication
PED - Q Cx) = II. ( aobktqbk.it . . .

+ a. b.) rock
3

.

Substitution

PC QCxD = Ao t ai Qcast Az QCatt . . .

t an Qcxsh

4. Differentiation

DEPCx) = ¥
,

ak.k.sc
"

= Htt)aµ , geek

5
. Integration

[Pay> dy -

- II aK9I÷a = II. AEI . xk



Identities with binomial coefficients
.

Eixample : Prove the identity

÷:c :i=
Solution .

Consider the identity
Gtx )? ( It x)

"
= (1-1×5" GBE)

Now we compute the coefficient of x" on the

left - hand side and on the right - hand side of GET

thin (g) + (9) set . . .

+ th ) xD . Knott Hat . . .

-ith kn)
coefficient :

cnokhHNnn.it . . .

+CNN.HN#....cnnIontherighti-q+sey2n=L9f)+(2Y)xt
. . .

+ ( Mn )x4
. . +137dam

This finishes the proof .



One more identity with binomial coefficients.
Example : Compute Feo K . (K) .

Solution '

-

Consider the polynomial Pex)=gtxY= (1) x
"

Differentiate Pce) :

⇒Cx) = ddzffitxj ) = n u txt
-1

On the other hand :

ftp.cs-adzf?i..Ck)xk3--.EkCnk)x"
=L

Thus : ¥
,

kik) x
"
= n u txt

-1

Substitute x -- 1 : ¥
,

K ( %) = h - 2
"



Multinomial theorem.

Theorem : The following holds :
k !

# t Kat . . .
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,
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Proof :-
in ! is ! . . . in ! is the number of sequences

of length k from letters
"
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is used in - times
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is used in - times
.



We prove the theorem by induction by h .

Basisofinducte.org h =3 Binomial theorem
.

Step of induction :
- k !

Suppose that Coat . . .to#--IE....pci:ocii.sci:
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