Exercise Set Solutions #6
“Discrete Mathematics” (2025)

E1. Prove the following identities for Fibonacci numbers. In each identity below n > 1.

() Fi+ Fy+ Fy...+ Fop_1 = Fop.
(b) Fony1 = 3Fon_1 — Fop_3.

(¢) Faypy1 = Far1Fpp + FoFy.

(d) ged (Fy, Frg1) = 1.

Solution: (a) Let n = 1. From the definition we know F, = F} + Fy and Fy = 0. Hence

F, = F; and the (a) holds for n = 1. Let us assume (a) holds for n — 1. By definition of
Fibonacci series F;, = F,,_1 + Fj,—o and due to the assumption

Fi+F3+F5... 4 Fop_3 = Fo,_o.

Therefore,
Fop =Fop 1+ Fop o=1Fop 1 +F1+F3+ F5...+ Foy 3.

(b) By using F,, = Fj,—1 + F,_2 we get

Fopi1 = Fop + Fop_1 = 2Fop 1+ Foy_9
=2Fy, 1+ Fop_1 — Fop—3 = 3F9,—1 — Fop_3.

(¢c) We will show Fy iy = Fo1Fy + FFppy1 by induction over m. Let m = 1 then F,, =
F, 1+ F,=F, 1Fi + F,F, since F} = F5 = 1. For m = 2, we have

Fn B+ FpFs=Fy, 1Fo+ Fpls + FpoFy = FpFo + Fuby = By + Fy = Fpo.

Assume the statement holds up to m — 1. We show that it also holds for m

Foim = Foym-1+ Foym—2
=F 1 Fha+FEFn,+F 1 Fo+ FrFn
=Fy 1 (Fn1+ Fn2) + Fy (Fn 4+ Fr1)
=Fh1Fm+ FnFna

By setting a =n — 1 and b = n, we have F, p11 = Foyp1Fpp1 + FoFy.

(d) We do an induction on n. For n = 1, it is clear. In general, if d = ged (Fy, Fp1) =
ged (Fy, F, + F,—1), then d would have to divide both F,,_; and F,,, but ged (F,—1,F,) = 1,
sod=1.

E2. Prove that any positive integer can be written as a sum of mutually distinct Fibonacci num-
bers.

Solution: In this solution we will call a decomposition of m € N a set of mutually distinct
Fibonacci numbers such that they sum up to m.

Let f(n) be the greatest Fibonacci number F; such that F; < n. We can easily check that 0 is
the sum of 0 distinct Fibonacci numbers. Then if we have a decomposition for all 0 < m < n,
this means that we have a decomposition for n — f(n) as f(n) is strictly positive. Thus the




decomposition of n is the decomposition of n — f(n) except we add f(n) to it. This is a
valid decomposition as Vn € N*f(n) > & because Fibonacci numbers are a strictly increasing
sequence after they leave 1 , and thus f(n) cannot appear in the decomposition of n — f(n)
because f(n) > n — f(n) and Fibonacci numbers are positive.

E3. Consider the sequence (ag,ay,az...) with ag = 1,a1 = 2,a2 = 3 and
apy1 = dag — 8ag_1 + 4ag_o
for k > 2. Find an expression for the value of a;. What is its generating function?

Solution: Using the theorem for linear recurrences we want to solve the equation 23 = 522 —

87 + 4. This equation is equivalent to (z — 1)(x — 2)2. Therefore we have the root 1 with

multiplicity one and root 2 with multiplicity 2 . The coefficients in the sequence therefore are
of the form a,, = ¢o(1)" + (cin + ¢2) 2". Using the initial conditions ag = 1,a; = 2,a2 = 3 we
have to solve the following equations to obtain the values for ¢y, c; and ¢ :

1:a0:co+02
2=a1=co+ (c1+c¢c2)-2

3:a2200+(261+62)-22

This has the solution cg = —1,¢; = %1, c3 = 2. Therefore the values a; have the form

—k
ap = —1+ <2+2> 2k,

For the generating function a(x) we get from the recurrence relation and initial conditions that

1422 +322 +32% — 12* + —172° ...+ a2 + . ..

a(x) =
—5xa(xr) = 0 — 5z — 102* — 152 — 1521 + 52° ... — 5a, 12" + ...
8z%a(x) = 0 + 0z + 822 + 162° + 242 + 242° ... + 8a, 02" + ...
—4z3a(x) = 0+ 0z + 0% — 423 — 82 — 1225 ... — da, 32" + ...
Hence (1 — 5z + 82% — 42®) a(z) = 1 — 3z + 2 and therefore a(z) = 1_51;5’;%.

E4. What is the generating function of the sequence ( ag,ai,as... ) with ag = 1,a1 = 3 and a; =
3ak_1 - 2ak_2 for k >2 ?

Solution: Since
a(z) =143z + 72 + 1523 + 312 + ... + ap2™ + ...
—3za(z) =0 — 3z — 922 — 2123 — 45zt + ... — 3ap_12™ + ...
222a(z) = 0+ 0z + 222 + 62° + 142t + ... 4 2a, 22" + ...

we have (1 — 3z + 21‘2) a(z) = 1. Therefore a(z) = m

E5. Suppose that ag = 2,a; = 8 and for n > 0 we have a, 12 = /anan11. Can you write an expression
for the general a,, 7 What is lim,, o0 an 7



know that a, > 0, by induction. So we can consider z,, = logy a,. Then zg = 1,27 = 1 and
for n > 0 we have x40 = %(mn + xn41). The characteristic polynomial of this recurrence is
z? = 1(z+1). But note that 222 — 2 —1 =222 -2z +z—1 = (v —1)(22 +1), and by adjusting
the constants, we get

E6. Let a(n, k) = #{A C [n] : |A| = k, A does not contain two consecutive elements}.
(a) Prove that
a(n,k) =an—1,k)+aln—2,k—1) for k > 2

and use it to compute the generating functions Ay(z) =, <, a(n, k)z™.

Solution: We prove the recurrence equation using combinatorial method. For A C [n]
with |A| = k£ with no two consecutive elements, if n ¢ A then A C [n — 1] and there is
a(n — 1, k) ways of choosing A. If n € A then n — 1 ¢ A by hypothesis, A\ {n} C [n — 2],
and thus there is a(n — 2,k — 1) ways of choosing A. Of course, this only works if k > 2.
We conclude that

a(n,k) =a(n—1,k) +a(n—2,k—1) for k > 2.
Now, notice that the generating function of (a) satisfies for & > 2
Ak(l’) = acAk(a:) + $2Ak_1(x)

which leads to

1,2

Ak(:c) = Ak,1 (l’)

1—a
Hence, we get that for k > 2

Ap(z) = (1aj_2x>k1A1<37) = <1i2x)k x(ll—;p)a

1
1—a

where

Ai(x) = Znaz" = ﬁ and Ap(x) = Zﬂs” =
n=0 n=0

(b) Use item (a) to prove that

Z(n_:+l> :Fn+2

k>0

Solution: First, it is easy to note that a, ; = ("_']jﬂ). Thus, it is enough to prove that



the generating function of the sequence n — Fj, o is

1 2\
ZAk(x)zx(l—x)%(l—x) +1—a:

k>0

14z
1—ax—22

In fact, if we denote F'(x) the generating function of the Fibonnaci sequence, we get that
the generating function of n +— Fj, 49 is

Z " Fpyo = % Z U D

n>0 n>0
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concluding.



