SOLUTION 8 - MATH-250 Advanced Numerical Analysis I

The exercise sheet is divided into two sections: quiz and exercises. The quiz will be
discussed in the beginning of the lecture on Thursday, April 17. The exercises marked with
(%) are graded homework. The exercises marked with (Python) are implementation based
and can be solved in the Jupyter notebooks which are available on Moodle/Noto. The
deadline for submitting your solutions to the homework is Friday, May 2 at 10h15.

Quiz

a) If A is not invertible then A does not have an LU factorization (without pivoting).

O True B False

b) If A is invertible then Algorithm 4.13 in the lecture notes does not fail, that is, it
always finds nonzero pivot elements |a;x| (in exact arithmetic) and produces an LU
factorization with pivoting for A.

B True O False

c) The norm defined by ||Al|max := max;; |a;j| is a matrix norm but it is not submultiplac-
tive.

B True O False

d) On the vector space of square symmetric matrices, trace(4) = a1+ - - + any is a matrix

norm.
O True B False
e) Given a diagonal matrix A = diag(ai1, ..., ann), which of the following statements is
wrong?
O [|[Allp = ||d|l2 for the vector d = O A2 = [|d]|o
ail,a22,...,a
| ) m (4] =[]
Solution.
(a) Choose A = <8 1), clearly, A is not invertible, but A = LU with

(9o



(b) We prove this by induction. For the first column, if there are only zero elements, then
A is already singular. Let us now examine the inductive step k — k + 1.

If the &£+ 1-th step produces only zero elements in the pivot selection, then equivalently
the matrix A = Alk +1:k+ 1:] in Python index notation has to contain a leading
column equal to zero. Thus, A has to be singular, which in turn implies that the
original A was already singular. This concludes the inductive proof.
(c) Obviously, the norm || - ||max fulfills all criteria to be a matrix norm. On the other hand,
1 1

we can choose A = B = <O 1) to see that ||AB||max = 2, but [|A|lmax = || Bllmax = 1.

(d) The trace does not fulfill the positivity requirement.
(e) We have that ||A||; = max; Y, |a;;| = max; |aj;| by definition, but ||d[j; = >; |d;].

Exercises
Problem 1.
(a) Show that for x € R"
() l1xlz < xlly < Vil
(i) [xlloo < %[t < nllx]lo
(iil) [Ixlloo < [Ix[l2 < Vnllx[l
In addition, show that the bounds are tight.
(b) For A € R™™ and p > 1, the matrix p-norm of A is defined as

A
”AHP = sup H XHP
x#0 |[Xl[p

Show that
(1) =14l < 4]l < V/nllAll2
(i) ﬁllAlloo < [|Allz < vnl|Alloo

(c) For A € R™™" the Frobenius norm of A is defined as

1Alr = | >_> ai;
i=1j=1

Show that Al = /tr(ATA) = | /tr(AAT) where tr(A4) = 3 ai.
=1

(d) Show that for A, B € R™™ and p > 1 we have
(i) ||AB|lp < ||Allp||Bl|p using the definition of the matrix p-norm.
(i) [|AB|lF < [[All]Bllr



(e) Show that for A € R"*"

(@) 4l = max > fay|

() Al = o 3 Jo

Solution.

(a) (1)
!XIIz—ZfC <Zl‘ +2) |||

i#]
(Er)

2
= [IxIl1
Hence, ||x||2 < ||x|[1. Equality is achieved by letting x = e1, where e; is the first

canonical vector.

Let e be the vector with all ones. Let |x| be the vector that results from
taking the elementwise absolute value of x. Then using the Cauchy-Schwarz
inequality we get

[l = (lxl, )
< lIxlll2llell2 = vrlix|l2

Hence, ||x||1 < v/n||x||2. Equality is achieved by letting x = e.

(ii) Suppose |z« = ||x|«. Hence,

n
xlloo = lje| < D fail < nlje| = nflx]loo

i=1
If x = e; we have ||x||cc = ||x||1. If x = e we have [|x]|1 = n||X|oo-
(ili) Suppose |z;+| = ||x[|oc. Hence,
lloe = laje| = /3 ZSUQ < \/naf. = vallx[w
If x = e1 we have ||x||oc = ||x]||2- If x = e we have ||x|; = vn|%x]|co-

(b) (i) Let x e R"
s _ [[Ax],

1x[l2 = Il
[ A2

= Txll/vn
_ Jalaxh

%11




Taking supremum and yields ||A|2 < /n||A|1 < ﬁHAHg < ||A]l1.

Similarly,
1Al A
[t [t
_ alAxls
[1x[l2

Taking supremum and yields [|A|1 < /n||4]2.
(ii) Let x € R”

|Ax] _ [l Ax]2
T
[ Ax]2
= T/
_ allaxs

%12

Taking supremum and yields || Al < v/nllAll2 < %HAHOO < || Al|2-

Similarly,
||AX||2 Sﬁ”AXHOO
%]z %12
< Al
%[l oo

Taking supremum and yields [|A]|2 < v/n|| A co-

(c) Note (AT A); = '21 ajitji = .21 aj;
J= J=

n n
trace(ATA) = ZZ@?Z- = || A|l%
i=17j=1

and ||A]|% = trace(AAT) follows from ||AT||p = || Al|F.
(d) (i) One can see that Vx € R™ we have ||Ax||, < ||A]/p|x|,. Hence, if x € R"

[ABx|l, = [[A(Bx)llp < [ Allpl|Bxllp < [[Allpl|Bllplxll

Hence,

IIABXII
p

Taking supremum yields the result || AB||, < ||A|l,||Bl|p-



(ii) Let ¢;j = (AB)i; = Z a;;brj. Abusing the Matlab notation, let A(7,:) denote

the i:th row of A and B( Jj) the j:ith column of B. Then, ¢;; = (A(7,:), B(:, j)) <
lA(Z, )||2l|B(:, 7)||2 by the Cauchy-Schwarz inequality. Hence,

n

IABIF =>_> ¢

i=1j=1

<SS IAG)BIBC I3
i=1j=1

=3l \|22\rB )12
— A2 BI

(e) (i) Again, we will abuse the Matlab notation to denote A(:, ) to be the j:th column
of A. Let x € R". Then,

[Axly = | Z% D < Z i 1 AG )l < [l max AG, )l (1)

Hence,

All; < A(: 7
41l < mas 4G, )l

Let ||A(:,4)]2 = max. |A(:, j)|l1. Then, letting x = e; will attain the bound in
<j<
(1)

(ii) Let x € R™. Then,

Z @ijTj

| A = max

< llzlloo max Z |ai;] (2)

Hence,

Al < max Z |aw|

Let k be such that Z lag;| = 1rga<x Z la;j|. Letting x € R™ be such that

1 if Ay Z 0
Xj = .
-1 if ap; < 0
then the upper bound in (2) is attained.

Problem 2. Consider the matrix A € R'9%19 and the vector b € R given below

1 10 0 9

1 10 1

A= b=1]0
1 10

0 1 0



(a) Solve Ax = b for x exactly.
(b) Solve the perturbed system AX() = b + Ab where Ab = 10~8e;3, where

o= O O

e3 —

(¢c) Compute the relative error
I — %Mo

1%l oo

(d) Now consider the perturbed system (A + AA)X(?) = b where AA = £I1. Using results
about sensitivity of linear systems, what is the maximum value of € so that the relative

error
I — %o

1%l

is guaranteed to be less than 1073? Use Python to compute np.linalg.cond(A,
np.inf) and/or np.linalg.norm(np.linalg.inv(A), np.inf), if necessary.

(e) Let ¢ = 10% and solve the system (4 + AA)X?) = b in Python and compute the
relative error.

Solution.

(a) One can either see directly or obtain the solution via backward substition that the
solution is

-1
1
x=|0
0
(b) Backward substitution gives the solution
-1+107°% i=1
(1) 1-1077  i=2
X, = g )
10 =3
0 1>4

(eSS

[

(¢) The relative error is given by . Hence, the relative error is

10-6
——=10"F
1



(d) Using Theorem 4.23 we get that the relative error is is bounded as follows

e — %)l Foo(A) [AA]o

< :
Xlloo  ~ 1A AAlle [ Allo

To guarantee a relative error less than 1073, we bound the right hand side by 1073
and uses the special form of AA to obtain
Koo (A) €

: <107%,
1—eA oo [|Allos

Now to obtain e:
1073

14+1079)[[A7 o

e < ( ~0.9-10"'2

(e) Available in the Jupyter notebook serie08-sol.ipynb on Moodle.

Problem 3. A matrix A is strictly diagonally dominant by rows if

n

laiil > lail, i=1,...,n.
=1
J#

By using the Neumann series that you have seen in Proposition 4.22, show that a strictly
diagonally dominant matrix is non-singular.

Hint: Without loss of generality, assume that the diagonal entries of A all equal 1 by a
suitable scaling of the rows of A. Now recall what you know about some matrix norms,
such as the operator norms induced by || - || and || - ||oo-

Solution. We first note that since A is strictly diagonally dominant by rows we must have
az; #0 Vi=1,---,n because

n
|CL¢¢’>Z|(IZ']"20, 1=1,...,n. (3)
j=1
J#
Hence, we may scale each row in A so that the diagonal entries are all 1. This is equivalent
to

1
ail

A« DA, D= 22

ann
A non-zero scaling along the rows does not change whether A is non-singular or not. Now
let T' be such that A = I, —T. Then, we know since A is strictly diagonally dominant
that T' is 0 along its diagonal and

n n n
St = il = laigl < lai| =1
= : -

J=1 j=1
JFi JF



which implies
n
Tl = max » Jay| <1
=1, n%
7j=1
J#i
Then, by the Neumann series

1A oo = [1n = Tlloo
o0
> T"
k=0 oo
oo
<D T ||oo
k=0

00
k
<D 7% < o
k=0

because ||T||oo < 1. Hence, ||A7!||oo < oo and therefore A is non-singular, as required.



