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Teacher:
Analysis IV - GM

3 hours

SCIPER :

Wait until the start of the exam before turning the first page. This is a two-side printed
document, it contains 24 pages, the last ones could be empty. There are 28 questions for a
total of 114 points. Do not separate the pages.

e Put your student card on the table.
e You may use one sheet (A4) with notes on both sides as support.
e The form for Laplace and Fourier transforms is provided.
e Using any electronic tools (calculator, telephone, etc.) are prohibited.
e For single choice questions you get :
the indicated number of points if the answer is correct,
0 points if no answer or more than one answer is given,
—% of the indicated number of points if the answer is wrong.
e For True-False questions you get :
+1 point if the answer is correct,
0 points if there is none answer or more than one answer entered,
—1 point if the answer is wrong.

e Use a pen with black or dark blue ink and erase cleanly with white correction if necessary.

e If a question turns out to contain an error, the lecturer retains the right to revoke this question.

Respectez les consignes suivantes | Read these guidelines | Beachten Sie bitte die unten stehenden Richtlinien

choisir une réponse | select an answer | ne PAS choisir une réponse | NOT select an answer Corriger une réponse | Correct an answer
Antwort auswéahlen NICHT Antwort auswahlen Antwort korrigieren
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ce qu'il ne faut PAS faire | what should NOT be done | was man NICHT tun sollte
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Tables
Fourier transform table
For w e R
L1 f), yeR | FU@)=/f) acR
_ 1 ify < [ By fsinuba)
L) = { 0, otherwise UChy T o«
B 1, ifb < y<c . B 1 e~ tha _ p—ica
2| fly) = { 0, otherwise He) = V2r io
ey ify>0 | 1
3 fly)= { 0, otherwise (w>0) ] fla) = Ew + i
B e Y, ifh< y<c R B 1 ef(eria)b _ ef(eria)c
4| fy) = { 0, otherwise fle) = Vo w + i
e ifb<y<ec coy 1 e~ Hwta)b _ p—ilwtaje
5| fw) = { 0, otherwise fle) = NGT w4+ a
1 A 7 e wal
6 | 1= @#0) flo) =[5
—lwyl .
AECER" (w#0) fa) = ﬁaiw
—wy? A _ 1 ,4(:722
8 || fly)=e (w#0) fle) \/%Me 2
0 | fw) =pe=" (w#0) flo) = smame ™
442 R
10| f0) =l s @#0) fo) = var (2~ laf ) el
Laplace transform table
Fora>0,weR, zgeC
L J(0), t>0 | L)) = F(2)
~ [ 1/a, ifte,al T 1—eoF
L | falt) = { 0,  otherwise Falz) = oz amo L 7ZEC
2 || fey =1 Flz) =1 Re(z) > 0
3 || f(t) = et F(z) = - +1 - Re(z + 20) > 0
1| e = % () = —— Re(z) > 0
5 || f(t) = te= =0t F(z) = - +120)2 Re(z +2) >0
6 || £(t) = sin(wt) P(z) = 5 j:wQ Re(z) > 0
7 || f(t) = cos(wt) F(2) e Re(z) > 0
8 || f(t) = e sin(wt) FE) = = ZO“;Q % Re(z—2)>0
9 || £(t) = et cos(wt) FE) = _Zzo_)‘jl = Re(z—20) >0
10 || f(t) = sinh(wt) F(z) = pE R Re(z) > |w|
11 || f(t) = cosh(wt) F(z)= P Re(z) > |w|
12 || f(t) = e sinh(wt) FE) = = 2:;2 —  Re(z—20) > |u
13 || £(t) = €%t cosh(wt) P = _ZZO*)QZO_ = Re(z—2) > ||
14 || f(t) = tcos(wt) F(z)= z o Re(z) >0
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question [SCQ-01 - Holomorphe] : (2 points) If f(z) = x4 ay +i(bx + cy) is holomorphic for z = = + iy,
then a, b, ¢ satisfy

DCZIanda:—b Dazlandc:—b
Da:flandc:b Da:b:c:l

Question [SCQ-02-Singularités] : (2 points) What are the poles of the function

z—1
f(Z):Z3+(2i_2)22+(1_4i)z+2i !

Dz:—% Dz:—l,%
D z=1,-2i D f(2) has no poles

Question [SCQ-03-Singularites 2| : (2 points) What are the poles of the function

22 -1
A
I sin(z+1)
| z=kr kez ] a= 14k kez\ {0}
Dz:—l+k7r, keZ Df(z) is holomorphic

Question [SCQ-04-Laurent] : (2 points) Suppose that

o0
z) = Z cnz"
—0o0

is the Laurent series expansion of f(z) at zg = 0. For which of the following functions holds ¢y, = 0 for any
integer n € Z7

D 2241 D e? cos(z)
D tan(z)(z — 1) D 22 sinh(z)

Question [SCQ-05-Laurent 2] : (4 points) What is the singular part of the Laurent series expansion of

z—1

f(z):z2+1, at zo =17
el —1
szi DQ(Z*i)
1
2 o

Question [SCQ-06-Laurent 3] : (4 points) What is the singular part of the Laurent series expansion of

z4+1

f(Z):m, atZ():O?

HESS
[ o

N\)—A

HE
HE

w"" w"_‘
W= N
M)—‘
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Question [SCQ-07-Integration 1] : (2 points) Consider two distinct complex numbers zg,z; € C. Let
I'y,T's be two regular curves parametrised by

20,

Y1(1) = 72(1)

0 = O
71,72 1 [0,1] = C,  avec {71( e
Z1.

Which of the following statements is true for any holomorphic function f: C — C?
L f@dz | feras = s s
1N I
[ 5= (1 - 20) - Long(T), i=1,2
T
D f(z)dz + f(z)dz = 0
Fl 1—‘2

] fede = [ fe)d
T s

Question [SCQ-09-Integration 3] : (2 points) Let I' be the unit circle. Which function f(z) satisfies
/f(z) dz = 2mi ?
r

IFOESS e

z—1

1 B 1
E|f(z)zz_71/2 Df(z)_(z+1)2

2

Question [SCQ-10-Integration 4] : (4 points) Calculate

I:/zzdz,
v

where + is the straight line segment from 1 to i.

J1=0 DI:%
DIZ _13_Z D I is not defined

Question [SCQ-11-Integration 5] : (4 points) What is the value of the following integral?

Tz/2

€
——d

/|z|—2 22 +1 :

| om on = [ e

Question [SCQ-12-Residus 1] : (2 points) What is the residue of the following function f(z) at zo =17
43

REEESERE)

[ ] -8 |4 o |
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Question [SCQ-13-Laurent 3] : (2 points) Which function has the following Laurent series expansion at

2’0:0?
oo

fo =3 (1)
n=—2
D H% \:| sin(z) cos(z)
e ="

Question [SCQ-14-Residus 3] : (2 points) If f(z) has first order poles at z = 1 and z = 2 with residues
3 and —1, respectively, what is the value of the following integral?

~/|—3 s f(z)dz

31=3

D 271 D 47 D 2 D 47

Question [SCQ-15-Laplace] : (2 points) Which of the following is the Laplace transform of f(t) = cos(2t)?

e ==

2244 2244

mp O
22—4 22—4

Question [SCQ-16-Laplace] : (4 points) What is the inverse Laplace transform of

1
224z

Dl—e”5 Dt—e’t
De‘t—t De—t

F(z) = ,  where Re(z)>07

Question [SCQ-17-Laplace 2| : (2 points) If F(z) is the Laplace transform of f(t), what is the Laplace
transform of 2 f(t)?

O )
D 22F(2) D Js(z—=s)?F(s) ds

Question [SCQ-18-EDP 1] : (4 points) Let « : [0,1] — C be given by v(t) = 2¢". Suppose that f :
C\ {0} — C is holomorphic. If g : C\ {0} — C is defined by g(z) = zf'(z), what is the residue of f at 0?

gz e a T [
[]@mez 1=
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Question [SCQ-19-PDE 2] : (6 points) Consider the following differential equation:

ou 0*u
— 2 1)— =0 f R
at(m,t)+(t+ )a$4(x,t) OforzeR, t>0

u(x,0) = g(x) for x € R,

where g : R — R. Letting g denote the Fourier transform of g, which of the following functions solves the
differential equation?

Reminder: the solution to the Cauchy initial-value problem

y'(t) +at)yt) =0, y(0)=wo
s given by

y(t) = yoe~ fot a(s) ds.
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Second part: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the box
FALSE if it is not always true (i.e., it is sometimes false).

Question [t£-01] : The integral of f(z) = 22 +sin(z?) along every simple regular closed curve v : [0, 27] —

C is zero.
. | TRUE | | FALSE

Question [tf-04] : The function f(z) = exp(1/z) has a pole of first order at zy = 0.

"] tRue || FALSE

Question [t£-06] : The function f(z) = 1/z is holomorphic over C.

| TRUE | raLse

Question [t£-08] : The derivative of f(z) = zcos(z) satisfies the Cauchy-Riemann equations.

| | TRUE | | FALSE

Question [tf-09] : The function f(z) = Re(z), which maps every complex number to its real part, is
holomorphic.

| TRUE | | FALSE
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Third part, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 24: 8 points

I:'o |:|1 |:|2 |:|3 |:|4 |:|5 |:|e |:|7 .s Do not write here.

Let f(z) = u(z,y) + iv(z,y) be a holomorphic function. Using the Cauchy-Riemann equations, find the
derivative f'(z) if
2 2
u(z,y) =€ ~Y cos(2xy).
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Question 25: 10 points

Suppose that v : [0,27] — C is some simple closed regular curve. Given the function

sin(22)

f(z)zm,

what are the possible values of the curve integral f,y f?
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Question 26: 12 points

Use the residue theorem to compute the following integral:

/%(2 + cos(t))? dt.
0
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Question 27: 11 points

Consider the ordindary differential equation
y'(t) + 2 () +y(t) =t
with initial values at ¢t = 0:
y(0)=0, y'(0)=3.
(a) Find the Laplace transform Y'(z) of the solution y.
(b) Find the solution y : [0,00) — R. You do not need to simplify convolutions.

Recall that the Laplace transformation of a function f : [0,00) — R is

2(f)(2) = /0 T ft)e dr.
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Question 28: 16 points

Consider the following partial differential equation over the interval [0, 1]:

d? d d?
%U(.’E,t) — QEU(.'L',t) = %

Suppose we have Dirichlet boundary conditions

u(z,t), 0<axz<l, t>0.

u(0,t) =u(l,t) =0, t>0,
and initial data
u(z,0)=0, 0<z<l,
d
— =1 1.
dtu(x, 0)=1 O<z<

Express the solution u(z,t) in terms of a Fourier sine series

u(z,t) = Z by, (t) sin (mnx) .
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