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Example : Let f(z)= and zo = 0

fz)=T+
The function is holomorphic

f(zo) = lim f(z) = V = at zo = 0.
z - zo

Example Let f(z) =- and =

f(z)=+ 2

( ! +!
+ 274 ! + ...

I



The function is holomaphic , in particular,

f(z) = - ! = 1

Ammany : if the numerator and denominate have the leading power
in theirLurrent series

,

then we factor out the common

power (2-z0)m and take the limit -> Zo.

2) Suppose that we havecurrent series

p(z) = an(z - zo)k + an+ (z
- zo)k+ + ...

auto

q(z) = be(z -zd + benz - zol
+

+ ... beO

Let f(z) = p(z)/q(z)

We have discussed the case k = l already . Next
,

k + 1.



#I , ther f is holomaphic at zo and

f(z)=lim
=linez-zok Preducecommon

fa
Since be Fo , the limit goes

to a finite value in D
, namely :

If K = l
,
ther f(zo)=

If k > 1
,

then flzol = O



#ht , ther zo is a pole of order 1-4 :

· /z)=

-zol-
+ az-zk]
+ be(z - z0)

Asymptotic argument : close to zo , the higher powers of z-zo are small,

and therefore,

f(z)he
when z is close to

Fommary : this classifies the behavior of F(z) = p(z)/q(E) close to

Lzo & in terms of the current series of p and of around zo.
J



Emple : F(z)
=Sin , has a pole of order 2

at zo

fiz)=
=

close to zo . we have f(z) = E Z-? We can already conclude

f(z) = z
-

+ 2,z" + c +
...

*
1



#.4Residues

Peinition: The coefficient C
-,

in the Laurent series off at zo

is called the residue of f at Zo :

Reszo(f) : = c =iSyf(z)dz
where g is a small circle around zo.

Example : If F is holomaphic over the interior of g . then c = 0.

Example : Resoltz)= S Ede=
z



Suppose F(z) has a singularity of order m at zo.

f(z) = Cm(z - z0)
-m

+ ... + G(z - 20) + C + G(z - zr) +...

Then
m - 1 term in

g(z) : = (z - zo) f(z) - the Taylor series
me , of g

= ( m + Gma(z - zo) + ... + 2
,
(z - z0) +...

is the Taylor series of the holomorphic function g(z) around zo.

Using the well-known Formula for the Tylan series coefficients , we

obtain the coefficient C,

= its! g(z)=( - zom +(2)



It is often convenient to write this as a limit :

-= g(z0)

= in ! him zo g(m
-

x(z)

= its , liszo [(z - zo)m +(z)](m
-1)

This formula is helpful if we know the ador of the pole.

Example Let f(z)=in(z) and Zo = 0. Then

f(z) =
=23 +...



HenceF has a pole of under 1
.

We compute the residue

Resolf) = C
,

in the Current series off at zo

= lim(zf(z)
z -> 0

=en

Enterlude : throughout this class
,
we have used and

will use closed curves only in counterclockwise

orientation
.

a



If we change the orientation , then the sign of the integral

changes.

& =

-G

We will only use
closed curves in

counterclockwise direction,

unless mentioned explicitly.



# Residuetheorem and

Itsapplications

1Main result

If f : Cldz03 -> & is a holomaphic function
,

and

& is a closed simple differentiable
corre around zo

,

then

Resolf)= Sf(z) de



That means , we can express the curve integral as

Syf(z)de + 2+ i-Reszolf)

More generally , the reside therem holds :

Im : Suppose that D = I is a simply-connected open set

and letJ be a closed simple differentiable curve in D that

encircles the points z
.,
E2
,

Es, ..., Zm e inty

If F : D /3z ,
z2, . . . ., zm3 -> & is holomorphic, then

Sf(z)de = 2i)Resa ,

(f) + .. ..
+ Reszm(f)

z



llustration

--
⑧

·z2
El
· T&m

Remark : According to the residue theorem
,
the integral of f

along y is completely determined by the residues of

the points within y.



· If only one point z ,
encircledby 8 has a non-zero residue

,
then

Sf(z)de = 2 i · Res
,

(f) & This is the definition of the
residue

z

· If several points with non-zero residue are encircledby J , say,

z,,
Ez
, ....,

Zm
,

then the residues add up

Syflz)dz = 2ni · [Reszil

· If the points encircled by I all have zero residue
,
then

S f(z)dz = 0
,

y
Notice them that f is holomorphic over inty and so this is

just the Cuudy theorem.



Example] Consider - : D1503 -> K ,
f(z) = /z

and let If be a simple closed differentiable corve.

a) IfOty ,
then Sp flzidz = 0 Couchtheororem)

b) If Of inty ,
there

Jyf(z)dz = 2πi · Resolf) = 2 i . 1 = 24i

c) If O lies on the corre , then the integral is not defined.

"G. z , "



Example2 : Let f :$150 , -13 -> C
,

f(z)=z

At 0 and-1 , we have poles of order 1. . We compute the residues :

Reso(f) = limzf(z) =lim
z - 0

Res
,
(f) = lim ( +

)f(z) = lim

Having computed the residues
,
let o be a closed simple differentiable curve.

case a) 0
.-1 > Syflz)dz = 0

case b) Of inte => Sf(z)de = 2ii · Resolf) = ziti

-1utz z



case a Ot
=Stud

= zi Res(f) = -zi
- E inty

Cased) 0
,
-1 einty

=> Gf(z)d = 2+ i) Reso(f) + Res
,(f)

= 2i(1 + (1)) = 0

Cusee) if at least one of the singularities five on the corve,

then the integral is not defined.




