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Brief review : open sets

What is an open set
? &

We call O D open if FzeC 7 aso such that

& wek 1 In - z1 < 33 O

In other words
, we can always find

,
for any ze I,

a small bull around z that lies completely in O

·
Example : D is open



Limits
A function +: Get O Rope, sat zoe if

#9 > 0 7 830 : 12-zok8 = (f(z)-f(z) < E

In that case
,
we write

f(zd) = limf(z)
2- Zo

We call f : - Datinuous if it is continuous at all zo e O.

One easily sees that f = u + iv is continuous (at zo) if and my if
u = Ref and U = Im f are continuous lat zo)

Note : if f , g
: O -> D are continuous

,

then so are

f + g , fog



-4· Comperederivatives
We call F : 0 -> I compedifferentiable/AndomorphicZoe

if f(z0) =tim
z exists and is fite

We call fdomorphic/complexdifferentiable
if it is differentiable at

every zo e0 .

J#If F : 0 -> & is hohomorphic and O = C
,
then f is also called entire

The definition seems analogous to differentiability of

functions f : M - I
,

but in the complex setting

differentiability isch stranger .

-



&

We call F:- complex differentiable at zo I

If the limit

f(z) =lim
exists and is finite

This definition is completely analogors to the definition of
devivatives in Analysis I & I.

However
,

such functions are much stronger , satisfying the

=> Cauchy-Riemann Equations



-Cauchyremann Equations
Let O : I be an open set

and let

f : 0 - ( , z = X + iy m>
u(x , y) + v(x , y) . c

be holomorphic over O .

Then

uue C'(8),= 3

Conversely , if holds
,
then f is holomorphic over O.

Whenever f : - I is holomorphic , we have at each zoe O :

# (0)=him f=y) + E.

= G(x , y) + G(x , 7) .

This already determines the real and imaginary part of



Brief rationale of Cauchy-Riemann equations. Let zo = Xo + iyo

f(z) = lim
X -> Xo

=limYu/X - Xo

= Gyu(X0 ,y) + Gx0(x0 , Y0)i

f'(z0) = lim#x til

y -> Yo

=lim+iy-iyo in-igo

&

= Gy0(X0 , Yo) - Gy2(x0 , yo) i



+Ex 2 f(z) = z2 = x - y 22xy . i

nu zu

u(x , y) G(x , y)

We check the Cauchy-Riemann equations

= 2x = 24 =
E = -

zy = 2x

Hence F(z) = z2 is holomorphic , and

f"(z) = Gu = 2x + zy = 2



Ex 2 f(z) = z = X - iy

= 1 =
Ga = Gyz

u = 0 = -

The Candy- Riemann Eyrations are not satisfied,

hence the complex conjugate is not complex differentiable.



Exh : f : D1303 -> D
,
E +s X

- z

We havereen

X
f(z) = - + =x + iy + 0

x2 +y2 x
2
+y

We verify C
.
R
. -Ey.

br 2x7
=

-
Gu

- I
-

↳ I# 6x (x2 + yz)
: Ty

(x2 + y2)2

Dr - x - y + 2y3 Dr
IZu I - 2xy- i
- =

Ex- (x + y2)2
by (x + y22



Therefore

+ Exy- if(z) = ⑭ + = Y (x2 + y2)2
We suspect that this should equal-/z*

↓= = zxy : :
z2

- x- y x - y - Zxyi-

-xy:m
(x2- y2)2 + 4x2y

x
4
+ y + 2x

2xy . i

F'(z) = E -= - 2

(x2 + y



Ex4 f(z) = ez = e
= cos(y) + e

=

sin(y)i

= excossy = - etsin(y) =

= ecinly e (y) =

Cauchy-Riemann equations satisfied
,

hence + holomorphic, and

# (z)=u + i = e
=

cs(y) + esin(y) = e



Remark(coupleanjugate
We can directly check that f(z) = E is not holomorphic

suppose that zo = Xo + you and F is diffable at zo

f'(z0) = him
E

exists and is finite.
z- Zo

z-> Zo

a) Let z =X + iyo approximates

·f'(z) E lim
X- Yo
I 1.--

- Xo X - Xo

mate Zob) Let z = Yo + by approxi

f'(20) = lim Y :-
-I

y ->Y Yi - yol
-O

i.?
,



far complex derivativesRulesof differentiation
If O < C is open and f , g : O -> C holomorphic,
then

(f + 8) =
f + g

(f - g) = fig + f . g)
=I where g +0(f(g)'

Z

fgl
g

Lastly , if g(0) = O ,

then we can compose f and G,
(fog)'(z) = F(y(z) · y'(z)

Af



Remark We can check this the same monner
-

as for red derivatives. For example

lim g(z)
- f(z)g(z0)

z ->Z .
z - Zo

E lin f(z)g(z) - f(z))g(z) + f(z.)g(z) - f(zd)g(z0
--

z->Zo z - Zo

- lim f(z) - f(zu)
g(z0) + lim flzug(zd)- -

z->Zo zZ z->Zo z
- Zo

-
F'(z0) - g(z0) t f(z)G'(zc)--



1 .

5 Compelogarithm

We
recall the principal argument of a carlet number

-π <0
π

Im

How to compute the principal argument?

I arctan(Y) X > 0

Ei Re O I E πz X =0
, y0

H + arctan (Y) X < 0
, y20

- H/z X = 0
, yo

-π + arctan() Xc0
, yo



To motivate the complex logarithm, suppose

z = ex
+ 1

= eX .
e' = 1z) . elarg(z)

Given z
,

the complex logarithm should provide Xtiy
Inoddition , we want

I
to be the principle argument

-π < y π

Hence
,

we define

loyz = X + in
- log/z1 + argz . i
-

Eme

log(ex)



Fran the definition
,
it already follows that the

complex logorithm is not defined at zero
,
z = 0.

The complex logorithm is not continuous
-

because arg(z) is not continuans

As we walk alay the

- complex unit circle counter clockwise

arg(-1) =I I dry (z) grows #

-· =

1R In the apposite direction,
arg (z) will go

down to -

plex t

mes



Hence
, alay the negative numbers

,
the complex

logorithm is not continuous. It joups along the
negative numbers.

However
, log(z) is continuous over

D 1 3z = D) (m(z) = 0
,
Re(z) < 03

---------

What are the real and imaginary

I components of f(z) = log (z) I
-
---



--

Letvs write f(z) = M(xig) + 0( , y) · % . For simplicity , consider x > 0. Then

log(z) = loy(z) + any(z) · i

Writing z = X + iy ,
we find

loy(z) = loyup+tanly-
u(x , y)

NB : For positive real numbers z z2 It

log(z ,
z2) = loy(z) + loy(zz) #

But for general z.. zz D ,
this no longer holds. For example,

We havezurg
z = i

log(z , zz) = log (1) = 0 # log(z1) + log(22) = 2 . i

Hence no longer holds for the complex logarithm



With the logarithm, we can define the power function
with complex exponent.

Let Je.

f(z) == zV := yy(zV) := eU
. log(z)

= e(log(z) + yay(z) . i

The power
function with exponenty is holomorphic over

& 1 3 ze ( / (m(z) = 0 . Relz) < 0 3


