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#.

4.rodingerEquation
We study the Schrodinger equation over an interval (0 . 27

with a linear potential term :

i Gtu(x , t) = GE u(x ,+) - au(x ,t) + f(x , t) .

T
potential term
220

We impose Dirichlet boundary conditions,

u(0 . +) = 0 .
m(h , t) = 0, >o ,

and initial values at t = 0 :

u(x , 0) = uo(x), o XL



Physicalmeaning : Linearized model for the movement of a particle
in a box. The particle cannot exit the box

, and at all times too,

the function In(X,ti1 is the probability density function of observing

the particle of position -.

One can show that the integral

Slux,esl remains constant.

~
solution strategy :

- We write u(x.t) as
Forrier sine series

with time-dependent coefficients
- We solve ordinary differential equations

in the coefficients

- We put everything back together



We begin with Forrier sine series

u(x ,+) = [but)sin(x)
Ho(X) = bi . sin)

f(x ,+ ) = [Bu(t)sin(x)
We write the derivatives as Forrier since series

Git) = Gob(sin()

idtu(xit)= bit)si

Together, we find



& i bilt sin()=-ab +But]si

Correspondingly,
i bilt) = (1)(i) by(t) - abu(t) + Pu(t)

=

= (() + a)by(t) + Bu(t)

bilt) == )(i) + a)bu(t) + [Bu(t)

For the solution , we take the Laplace transform,

zBu(z) - b
,
(d) = = )( + a) Bu(z) + + &(Pu(t)



For simplicity , we assome that f(xit) does not depend on t,
Ii

. e
.,
constant in time"

,

and hence Bult) will be constant.

= Ba(z) - bad) =F )(2 + a)Bu(z) + +
We isolate Bu(z)

Bulz) =-
From here

,
we find

by(t) = bieta)t ( + a)(t - 5)



The complete solution is

u(x ,+) = [0bu(t)sin(ix)

Fatherremarks: Thefunction
describes the probabilities

(n(x , t)" = / Reusi + 1 Imecats ?
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The integral of In(xit)/ remains constant
.

Hence,

L

SM = 1 = gu(x ,
+) =

8

To see this,

G+ (u(x ,
+)) = G + (u(t)u(x ,+)

= Guit) · Exit) + 2 .t)· Get(xit)

= (- idxn + iau) .x + u - (izx - iai)

=-idxu-u + idui + in 2x - jaun

= - i(dxx. - u - 2 +xi)
=
- i/Gx4.Gi

- G
+
x - 2 x - udxu)

"addition of zero"



=
- i(G(2um) - ((u . Gu)]
This is used as follows :

G Simcitid = Yet d
= 9 - i(G +

(6+ - u) - 2x(x-G-z))dx
=

-i) -G
Using Fundamental theorem of calculus

GeSnitsd =-:)- Guldulo) - u()Gxi() + u(0)6=z(0)
g 1222222 a. 12 -3 .

= 0 I because boundary conditions
u(0) = u(l)= 0

u(0) = u(L) = 0



#. 5 WaveEquation
We consider the ware equation over the interval [0 . 27.

The onknown function u( . t) satisfies

02 x h

GEU(it) = 2 GH(t) + f(x , t) t > 8

Y ↑
material external force

parameter

Boundary conditions
(Dirichlet

,
again

n(0 ,
+) = 0

,

u(L , +) = 0

Initial conditions :

initial values for

u(x , 0) = uo(x)
, Gyu(x ,0) = Vo(x) 21 and G+



Physicinterpretation U(x,t) = excitation of an elastic string

u(xit)
fixed at left/right endpoints

Ex No = initial position
Vo = initial vertical velocity

2 xxu0 acceleration depends on the

"corrature" of the elastic string

Fin2++H
> 0 Applications :

↑ vibrations
, guitar strings,

GxxU 0 optics, simplified relativity



We solve this differential exation over Co . L] using Forrier series

Dextension to odd 21-periodic function
,
take Forrier series)

u(x , +) = 20 bu(t) Sin(ix)

Ho(z) = S busin(x)

Vo(x) = [sin(
f(x , t) = [fu(t)sin(ix)

Differential equation

G(u(x ,+) = 2 bi(H) sin()

bu(x ,+ ) = %bu(t)sin(ix)
Gu(x,t) = [bu(t)(i)() sin (i)



Now

GEM( , +) = c Gxxx(x ,+) + f(x ,t)

S but) sin()=bus
Hence

,
for each n = 1 , 2,. . .

bust) = c ( -1)()bu(t) + fu(t)

initial values :

by(0) = bi
[buldsin()=bisi

bild =vi [blo sin() risin



We solve this Carchy problem via the Laplace transform. First,

z Bu(z) - z by(o) - bi(o) = c-( )([4)2 Bu(z) + Fu(z)

Isolating Bu(z),

[z2 + ch((z)Bu(z) = Fu(z) + zbu(0) + bu(0)

Bu(z) = Fu(z) p + buldp + bil

= Fulz)p + bip + vi

We recull Inplace transforms 0



sin(ct) myt costaco

We rewrite

Bu(z) = Fu(z)
+ bip + vi

z + G((n))

= Fulz)
,top + bi +

Therefore,

bult) = (s)sin(c(t- S)]ds + bicos(ct) + sin(t)

solves the Carchy problem.



Hedifferenteyentmmand initial values

G (bicos(ct)] =
- (2 bicos) + )

G (sin(c)=c) sinc
t

G + (f(s)sin)c(t - s])ds = f(t)sin(0) + &f(s)Gesin(c(t - x)ds
= cit f(s)cos(c(+ - s))ds

"
Leibniz integral rule"

=> Ggtf(s)sin)
= CTf(t)cos(o) + <(s) (1) sin(c(t - S3)d

= CT f(t) + (1)((((5f(s) sin(ct- s])ds



In summary,

Gbn = (t) + =xc() bu(t)

initial values :

bult) = (s)sin(c(t- S)]ds + bicos(ct) + sin(t)

buld=)sin-S)ds + bicos(c) +
um

= O

· I

bilo=(cos(c0- x)ds + bic) +v
=O



Comingmackto the wave equation0

The solution

u(x , +) = [bu(t)sin) [x)

satisfies the wave equation with Dirichlet boundary conditions and the

desired initial values


