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Complex - valued functions,

Cauchy-Riemann Equations

1. 1 Review complex number

I
.
2 Complex functions



I
. Complete-valuedfunctions
-

andCauchyyiemannequations

#_Review ofcomplexnumbers K

· Imaginary unit i
: 2 = -

· All complex numbers have the form

z = x + my c C
,

x
,yeIR



X = Rez y
= Im z

realpart imaginary part

· E = X - Ty (complex conjugate
change the sign of the

imaginary part

·

121= (absolute value/modulus

if
· e := cos(0) + sin(E) . i

,

Oe



We compute with complex numbers as follows :

z
,
= X ,

+ iy, z = X + ly2

·

z
, + zz = (X ,

+ x2) + (y, + ye)i
· z, - zz = (x - x) + (y , - y)i

·

z.. zz = (x ,
+ y , c) . (xz + yzi)

= X , xz + x , yzi + y , xi + y, yz

= (x , x - y, yz) + (x,yz + y,x))
Real part Imaginary part



·

z . z = (x + iy)(x - iy) = x + y = (z)

·=
provided that z2 #0

Now revisit the complex exponential :

If z & C
,

then we can write

z = 1z1 . gi

for someOE I
,

which we call the argument,



How is that representation of complex numbers useful ?

Example : Since z = 121 . eit,

we have z = Izk gik

Example : suppose z
.
= 1z ,/e

, za = Izaleit
for some . On EIR

ziza = Izleitizleitn = Izil . Izal ei ( +)

7/z=



provided 2 #0 .

These formulas are intuitively clear
,
and can be verified with

our definitions of eit , the complex product, and the complex division.

-Cometricinterpretinationof

Y We can interpret z = X + iy = K
as a two component rector.

z = X + iy
The absolute value 121 is the length

of that vector .#int The argument O is the unle of
z with the X-axis ,



In this context
,

the X-axis is also called 'real axis' and

the y-axis is called imaginary axis' .

The complex numbers z K with modulus 121 = 1 constitute the

so-calledpleunit circle· Every ze1 with 121 = 1 can be

written

z = cosO + sinD . i for some OEIR

= gi

Y When writing

z = 121 . git

ecososi we may
think

eit = direction

1z) = Pength



Example 8 = π4

z = 2gi (z) = 2

= 2(cos) + 2)(sinxi)

E = 1
,

ei = i

⑦ eti = -I
,
jzti = -i

e2i = 1

Generally speaking ,
the argument is not unique.



The argument O in the representation

z = 1z1 .
gif

is only unique up to 2
· B

,

that is
, integer multiples ofit

The argument with -T < O It is called the

-principalargument

How to find the principal argument ?

In the special case X >O
,

we have tant = * ,
hence

arctan(Y(x) = 0

#



E
arctan function
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1. 2 . Complexfunctions

We study functions
: ( -> K

,
z # f(z)

f(z) = f(x + iy) = u(x , y) + v(x , y) . i

Examples 1) f(z) = z = X + in
u(x , y) = x

v(x , y) = Y

2) f(z) = z = X - yi
u(x , y) = X

v(x , y) = - Y

3) f(z) = z = (x + iy)
= (x" - j) + 2xy . i

mu z
z(X ,y) u(x, y)



4) f(z) = E = Fig =F
=F + Eny) :
su

u(X ,y)
v(x , y)

S) f(z) = ez = ex
+ in = et .

ei

= ecosly) + eT sin(y)i
mu -

u(x , y) W(X , y)



#official" definition of the exponential function.I
f(z) = ez =[

I = 1 + z +2 +2 + z ..
We have the formula as for exponentials of real numbers.

One can show that g + z
= g
5. e2 still works

-



6) cos(z)= sin(z)=
cosh(z)= sinh(z) =E

We can explicitly compute ze = Ref and U = Im + for each of

these functions. For example :

f(z) = cos(z) = eit
ei

= E)ei(x + i)
+ e

i(x + i)

= 2) eix + ec
i x)

= t)eY(cosX + isin(x)) + eY(cox - isin(x)



= tecos + Lesink) . + YeYcos() - Yesin() i

= (cosX(e + e-7) + b) - ex)sin(x) - i

= cosX · coshy +siny
i

im
u(x , y) V(X , y)


