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Laplace transform



Example We compute Laplace transform

f : M ->R .

f(H = t

By definition

y
F(z)=integration by parts

Here
,
t = o is to be interpreted as a limit.

- z . OF(z) = time
If Rez) O , then the limits go

to zero
,
and so

F(z) = +z Domain of convergence : Eze(1 Rez > 03



Example We search the Laplace transform of

f : 1 - C ,
f(t) = gat ac D

By definition

F(z) = ge
zt
f()dt = Sa

- zt gat a

= go-=ty it
= limaz

Whether the limit converges depends on a. If Re(z) > Mela)
,

then

himeat exponential decay
In that cuse,

F(z) =-



We notice that the formula for F(z) is often defined

not only over the domain of convergence. Nevertheless
,

we typically
use the Laplace transform over the domain of convergence.

Depending on the textbook author
, "domain of convergence" may refer

to
any

domain where the Implace transform is well-defined , or the

largest such domain.

I

refinition : Any real
number ge IR far which

(z + ()Rezs y3

lies within the domain of convergence of the Luphea transform

F(z) is called an "absyssa of convergence".

That is
, if Re(z) < -

is above that threshold,

then convergence of F(z) is guaranteed.



↑

AdverseLap etransform :

The Laplace transform is one-to-one :&(f) determines f
,
that is,

the transform of the signal already determines the original signal.

In other words : Elf) = Y(y) =) F = g

We recover the original signal from its Laplace transform via

the inverse Laplacetransform :

f(t) = + (F(u + i . S) eN + is)t
d

where y is large enough , namely an absyssa of convergence.

The integral will be independent of J ,
as long as it is large enough.

the formula holds for all +20 ,

which is the range of t
for which

the original signal is defined.



This formula can be derived vin the Fourier transform

(no details this semester (

Practically , we will rarely use this formula
,
but instead use the

Laplace transform table·

PropertiesoftheLaplacetransform
-

· Linearity 2(a -
f + b . g) = a . 2(f) + b . f(y) ,

-

for a,be
K.

Ihu changeIfab with-F
g(t) = e

that describes how to modify the Laplace transform if

- we
rescule the variable + by as o

- we
remodulate the signal by an exponential factor.



-teractionwith derivativesa (f) - f(0) [The
= z F(z) - f(0)

More generally ,
we can repent this :

2(f") = z2(f) - f'()

= z(z2(f) - f(d) - f()

= z &(f) - z f(0) - f'()

Similaly ,

2(f") = 232(f) - z f() - zf(() -
f "(0)

We can iterate this formula :



2) f(m) = zY(f) - z" f(0) - z f() - ...
- zf(u - 2)(0) - f(u

-

1)(0)

TheLaplace transform converts derivatives into polynomials.

Integration :

g(t) = 9 fisids => G(E) =

These formulas can he found in textbooks
,
we will not prove

them.



Application
to the Poisson problem

We want to solve the boundary value problem :

- u"(x) + ku(x) = 0, a) x b

u(a) = ya ,

u(b) = gb,

for some boundary values go . go R ,

and 40 .

For simplicity , consider the case a = 0.

To solve the problem with the Laplace transform ,
we search for

2 : (0, 00)
-> IR

with ocX
- u "(x) + k2u(x) = 0,

u(0) = ga ,
u(b) = gb



We approach the

boonday value problem as- an initial value problem
starting at a = 0 and having

a = 0 a
an intermediate value fixed at b.

We apply the Luphace fromsform to the differential equation

- u"(x) + k u(x)
= 0

- E(u"](z) + 4
: &[u](z) = 0

for any
2 in the domain of convergence.

We recull : 2[n"] = z3G(u] - zx(0) - u'(o)



Hence :

- z2[(u](z) + zx(0) + u'() + k2f(u](z) = 0

We isolate the Laplace transform :

(k2 - z2)((n)(z) = - zu(0) - u'()

& (u](z)=(+is

so

[provided that z is in the domain of convergence]

Y[n](z) = u(0) + u'()42

We have a look at the Laplace transform table :



sinh(ct)mwh ,

cosh(at) a c

sinh(x) = E(et - e-
= )

,

cosh(x) = f(et + e
-+)

In our situation , we recognize

(o) sinh(kt) wasla

u(0) cosh(kt) m> u(o)E
z2 - k2

These are the inverse Implace transforms of the two terms

in the definition of &(1)



This leads to

u(t) = 20) sinh(kt) + u(0) coshk

We need to find 10) and u'CO) as
initial values

to math

the desired values ofte at t = a and t = b.

We can already pick u(0) = go

We want to fix u'CO) so that he
will hit the desired value

gs at t = b.

We use the formula :

u(t) = 2) sinh(kt) + gacosht

u(b)= sinh(kb) + gacosh(bb



We know that sinh (kb) #0 ,
and hence we can isolate

u'(0) in the formula above.

u(b) - gacosh(kb) =
u's)m

This (21b) - gacosh(kb) = u'()

↑
gb

In summary we have fixed 290) = Ja immediately
,

and then

we have fixed u'(0) to ensure u(b) = gb.

That produces the complete formula for the solution of

the boundary value problem , using only ga , gb ,
and k.

Lastly , we rename + to X
,
and we are done.



T Application of the-

Laplace transform to the

Caudy problem.


