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Examples Consider + : $150 . 13 -> K with

f(z) = = + T + 1
-

=+
f has pole of order 1 at zo = 1

,

and another pole of order 2 at zo = 0

Rese(f)

= Cim-1)
= 3 + 0. = 3



Reso(f) =tim((z-ol
= lim+
= tim2) =0I

That provides the residues at the poles.

&Any integral Syf(z)dz along some closedpiecewise) differentiate Scorve can be computed with the residue theorem.

Let us suppose y is a simple piecewise differentiall corre.

We make a case distinction :



case a) 0
.
1to => Sf(z)dz = oResidue thm

Caody the

Cuseb) 0 int = Sfzdz = Zi . Resol
= zi . 2 = 4ti

Case a kit
=> Sfzldz = 2 i · Des

,
(f)

1 E inty y
= Liti . 3 = Gi

Case d) 0
.1 inty => SFzldz = 24i (Reso(f) + Res

,

(f)
g

= 104i

Casee) If 0 eg or 1E8 ,
then the integral is not defined.



Example4 The function

f(z) = exp(z) = 1 + 1z+
has an essential singularity at zo = 0. The residue there is

Res
.
(f) = 1 = c

- 1

asmeen from the Laurent series.

Example5 The function

f(z) = exp((z) = 1+
has an essential singularity at zo = 0 , whose reside equals

Res
,

(f) = 0.



E. 2 Applicationsto Integrals

Example We want to calculate

9
Towards that end

,
we study the function f(z)=+

We introduce the linear segment Lr : [r, r] -> &
.
+et

Then

+ o

S fiz)dz=J
Lu



We make a detoor through the complex plane, introducing the

half-arc
it

Cr : (0 , +) -> (
,

+ -> r . e

of radius ~ centered at 0.

We compute the line integral off along Nv := Loo Cr

#+ r
-v

Lp

I is a closed piecewise differentiable curve.

We apply the residue theorem.



Sf(z)dz = Jedz=z
=Tdz

T
Y

By the residue theorem
,
for very large r > o

Sf(z)de = zi · Res , (f)
P

We compute the residue :

Res(f) = lim(-if(z) ==
z- j

Hence

Spf(z)dz = i

[Exercise : Res
- ; (f) =..., not needed here]



Here
,
we have used :

· No encloses only the pole at i , not the one at - is

and so any the residue at i matters for the residue theorem

· The pole at i is of first order
,

which determines the

formula for the computing the residue.

For our original goal , we observe

i = Sf(z)dz = Jfz)dz + Jf(z)de
4

Lu Er
T

We want to show this
As w -> D

,
we already know

goes to zero as-> a

SF(z)dz -> So f(z) deLr

What about the integral alay Cr in the limit ?



J f(z)dz = Jet vieit at
Cr

We bound theabsolute value of the integral :

IScfizida) a ret+ 1 I reit at

We have

Irieit) = r . licity = r · I letorw
and farr large , we have approximately

1 regi ++ 11-102e2it) = r ?

Hence
,

for large r we find :



ISafzida)= 0

As V goes to do
,

the absolute value of the integral dog Cr

goes to zero, and so the value of the integral itself most go
to zero.

In summary

# = Sefizide =Ifizda + fize

as
Hence

For t=



Example Consider the indefinite integral

go R(X) - eiddx
,

where < = 0,

- a

and where R(x) = P(X)/Q(x) is a rational function

such that P and Q are polynomials with

dey Q < deyP + 2

· Q(x) # 0 for all Xe I

#eviousexampleisopecialsa = 0 I
Since Q has at most degQ zeroes throughout I

,
the function

R(z) = P(E)/Q(E) has at most dey Q singularities.

(Fundamental theorem of algebra]



Let r > O be a radius large enough such that Br(o) contains

all singula points of R(z) . We introduce

Lu = 3zc()(m(z) = 0 .

- = ke(z) = v3

G = Eze()z = reio, 0 = 0 = + 3

We join both curves to a closed curve M.

function R(z) giaz has
The

singularities in the upper half-plane :

z
,, z2 , ..., Em

Forr large enough , or encircles- those singularities ,

&



SR(z)eitzi ResRe
In addition,

SpRzeinzdz =Rez ei
In the limit

Beseint Read
It remains to control the integral over Cr : it is sufficient
to show but the absolute value gees to zero as-> &.

ISReindeerit isI I I



= · Leinreit) . Iilrleit is
w m

=/
=I

We use

eidreitgiar(cos(t) + isin(H)

= giarcos(t) - arsin(t)

- xrsin(t)
= giarcos(t) ·C

-- mu

on the complex -I because X0 and

unit circle sin(t) = 0 for OXtE T

soleinweit) 1.

Finally,



Ireitr behaves proportionallee

2 r = ↓ for rlange

This is where we use degQI degp + 2.

In sommay,

ISpfzida) tr -> a

IvanishesFrea



Example? We can compute the integral

Stax =
Here R(z) = P(z)/Q(z) with P(z) = z?, Q(z) = 16 + z4.


