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#I . 1. First-orderordinarydifferencentialequations

Let a : (0. %) -> IR and F : (0 , %) -> I be

piecewise continuous functions. Let you IR.

We study the initial value problem

y
*
(t) + a(t)y(t) = f(t)

,

+ > 0

y(0) = Yo

This also known as 1st order Carchy problem.



Espineapplication: exponential growth/decay over time >

Yo is the initial value at time + = 0.

act) is the rate of growth/decay at time t

f(t) is the source term at time +

Example : y(t) is the population size of bacteria
, starting

with size yo
at time + = 0. The source term f(t) denotes

additional influx/outflox of bacteria.

y'(t) = f(t) - a(t)y(t)

The population grows/shrinks by itself proportionally to its size

if a(t) < /alt) < 0.

Example : Radioactive decry , financial interests



To solve the initial value problem

y'(t) + a(t)y(t) = f(t) , to

y (0)
= Yo

We use the Laplace transform.

For simplicity, we assume act) = ae IR.

Applying the Laplace transform yields :

zY(z) - y(0) + a . Y(z) = F(z)

We use y(0) = yo and isolate Y(z) :

(2 + a)Y(z) = F(z) + yo

Y(z)=Yo



Having Isolated Y(E)
,

we try to invert the Laplace transform :

Y(z) =u F(z) + yoa

We know that

#n = G(e
- at)

Hence
,

Y(z) =G(e
- +]2(f) + you/est]

We use the formula for the Laplace transform of convolutions :

y(t) = (
+

f(s)e
- a(t - 3)ds + ye

- at

This solves the initial value problem :



we manually check the derivatives and the initial value.

clearly, for t = 0
,

we have y(0) = Yo .
Moreover,

- at

=+(s) (-a) e
- a(+ - 3)ds + (a)ye

=eibnizformats not
a

=> y(() = f(t) - ay(t)

Remark : when the growth/deey coefficient act)
is not constant,

then the argument is considerably more complicated.



Secase : f(t) = 0 .

Then ylt) = - ay(t) is solved by
- at

y(t) = yo

Specialeuse : u(t) = 0.
Then y(t) = f(t) is solved by

y(t) = S f(s)ds + yo

First-order initial value problems need initial data for the function

itself. Second-order initial value problems need initial data for the

function and its first derivative .



E
.

2.Second-order ordinarydifferentialequations

We consider the initial value problem
: given w, = 0,

we search y
: (0 . 00) -> I twice-differentiable such that

y"() = - w2y(t) - 2xy() ,

+ > 0

y(0) = Yo

y'() = Vo

Here
, yo andto are

the initial position and velocity of the system

and y"(t) denotes the acceleration at time + > 0.

When y(t) is large , them-why(t) effects negative acceleration.

When y'lt) is large , then-2dy't) will cause dampening



Example: Harmonic oscillator. Here w
,
x<o are material parameters.

↑
> 3m
y = 0 -> IIII.

yo

To solve this problem, we use the Laplace transform.

This will involve a case distinction
, depending on W and X.

TheLaplace transform of

y"(t) = - wayst) - 2xy'(t)

is the following



z
-

Y(z) - zy(0)
- y

/() = - w-Y(z) - 2a(zY(z) - y(0)

We use the initial dutu,

22 Y(z) - zy0 - Vo =
- w3Y(z) - 2xzY(z) + 2240,

and isolute Y(z) :

(z2 + wi + 2xz)Y(z) = zy + vo + 2ayo

Y(z) = Yo y
292

= You+-+

Itrpetingthesynetw= z + 2az + 22 + wi - x]



We conduct a case distinction in w" -9?.

w
=
=

Y
= To +

We apply the inverse Laplace transform or use Imple transform table :



2/e
- c )=

c
,
2(tec] = of

Therefore,

Y(z) = yoh(e
- < +) + ky + v)G(te

- <]
=> y(t) = yoe-dt + kyo + vo) + e

- at

=

a- dt)y + +(ayo + vo)

This solves the ordinary differential equation.

Physically, this is the fastest non-oscillatory return to equilibrium.

If Vo = 0 , then the typical profile is :

#



case-O formulas :

& (etcos(y + ))=g

2(e since + )] = eng
With B = -a and y

= Non
,

this becomes

2)e- + cos)vt)]=+ wi - a

2/e-sin( +)=-



Now :

y(t) = yo cost)+in()
Physically, oscillatory decry

2 = 0
,
Vo = 0

=> y(t) = yo(s(wt)

For positive > 0
,

this oscillation

- will dean to zero over time



·wa
a

+
(z + 2)2 - (x2- w])

Note 22 - w > 0 .

We use the Laplace transforms :

For B , g e IR,

/estcosh(2 +))=
Gest sinh(et)] = -E
We use B = - a

, y = va



Y(z) = yob/e-* cosh)r + ))
+ Yesink)

=)

inS
>Iyumetric part of et) Dodd part of ex)

#exponentialmthe dampeniad




