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CORRECTION
First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 Let f € C(R/Z) be a 1-periodic function and let {a,}5%,{bn}o>, be its real Fourier
coefficents, namely a,, = 2 fol f(z) cos(2mnz)dx, b, = 2 fol f(z)sin(2mnz)dz.
Assume that f(z + 1/2) = —f(z) for all z. Which of the following is true?

|:| aom+1 = bame1 =0forallm=1,2,....

D an, =b,=0foralln=1,2,....

- ap = 0 and asy, = by, =0forallm=1,2,....

D None of the others is true.

Question 2 Let f,g € LY(R) N L2(R) be such that f(&) = |£[/2e~1€7/4 g(¢) = e~ 1€°/4. Which of the
following is true?

[ g¢Sm).

[ ] fxg¢L®R)

W /esm).

|:| f and g have compact support.
Question 3  Let us consider the following PDE
Oru —udyu =0, (1)
for u : R? — R. Assume that v, w solve (1). Which of the following statement is true?

[ ] For any v, w solutions of (1), v — w solves (1).

[ ] For any v, w solutions of (1), v+ w solves (1).

B For any v solution of (1) and any A > 0, vy (z,y) = Av(Az,y) solves (1).
[ ] v(z,y) = 2+ zy + 33 + 22y is a solution of (1).

Question 4  Let f(z) = zQe_IQ, and denote with f(g) its Fourier Transform. Which of the following
statements is true?

D limg s 400 f(f) =1
Wi©eLnr>

[ 7€) € L*(R) but f(¢) ¢ L'(R)
|:| f (&) has compact support in R

1
Question 5  For every n € N we define f, : R = R as f, () = —51g-n 2-nt1].
T

Which of the following statements is true?

M liwsup, [, fode > [, limsup, f, dz.
|:| lim,, fR | fro = lim,, fr|dz = 0.

(] limy, [, fodz < [, liminf, f, dz.

[ timn, [ fodo = f lim, £, do.
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Question 6  Consider f,(z) = x’l/3]l[071/n]. Then f, — 0

[ ]in L! but not in L2.

D in L* but not in L>.

B in 22 but not in L*.

|:| in L*™.
Question 7 Let f,g: R — R such that f > 0. Which of the following statements is true?

B 1 f € L3(R) then f3/2 € L2(R).

[ ] If f € L2(R) then f € L'(R).

[ ] 1f f,g € L'(R) then fg € L'(R).

[ ]1If f,g € L(R) then fg € L*(R).

Question 8 Let f,g € S(R) and f , g be their Fourier transform. Which of the following inequality is
true?

L1 0f*gllee < Ifllz gl
CI 17 *gllee < 1F11z2 19112

B /gl <) fll<lgllze
L1 17 *glee < Az lgl oo

Question 9  Let {f,}nen be a sequence of measurable functions f,, : (0,1) — R. Which of the following
is true?

[ ] fn(x) <0 for any x € (0,1) and n € N, then

1 1
lim inf/ fn(x)dx > / liminf f,(x)dx
0 0 n—oo

n—oo

[ ]1If f,(x) > 0 for any z € (0,1) and n € N, then

1 1
lim sup / fu(z)de < / lim sup f, (x)dz
0 0

n—oo n—oo

[ ] Let M € N, if f,(2) >0 for any x € (0,1) and for any n < M, then

1 1
lim inf/ frn(x)dx > / liminf f,(x)dx
0 0 n—oo

n— o0

B Let ceR,if f,(2) < cfor any 2 € (0,1) and for any n € N then

1 1
lim sup/ frn(z)dx < / lim sup f,(x)dx
0 0

n—00 n—oo
Question 10  Which of the following sets has infinite outer measure?
S
LU (-5 3)
[T UL (= cos™(
(] U= X (2n 22"+1)

cos?(1),sin’(2))
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Third part, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 11: This question is worth 5 points.

[Jo Ll e[ s [ T s

Let A= (1,00) x [0,7/2], n € Nand f, : A — R defined as

x + cos(2y)

fo(z,y) = m

Compute lim,, o fn(x,y) and show that

n—o0

lim fn(m y)dx dy = g

z+cos(2y)

Proof: Since y/n — 0 as n — oo, it is straightforward to check that f,(z,y) — zi1yz - Furthermore,
folz,y)| < 2, < L € L'(A) for any n € N. Therefore we can apply dominated convergence theorem
(z241) x2+1

and Fubini theorem and compute

B x + cos(2y)
nh_)rrgo fn:z:ydac dy = / / @2 +1)? —————“dy dx

T (1 T
“2 =T Say=Z
2/1 (22 + 1) 4/2 2V 78

where we used that cos(2y) has average 0 in (0, 7/2).
Common error - you don’t need to have f,, > 0 to apply dominated convergence theorem
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Question 12: This question is worth 5 points.

Lo L[l Js [ s
Let f € LY(R). Then, prove the following:
(a) (2 points).
Jim [ @ =0,

(b) (1 point).
liminf |f(z)|=0.

T—r00

(c) (2 points). There exists a function f € L'(R) such that

limsup |f(z)| = c0.
T—r00

Proof:

(a) We apply the dominated convergence theorem to the sequence f,,(x) = L[, o) ()| f(2)| which satisfies
|fn(z)] < |f(z)] € LY(R) for all € R and lim,, o f5(z) = 0 for all € R. Therefore we can compute

lim |f(z)|dx = nll)ngo /OO fulx)dz = /00 nll)ngo fu(z)dz =0.

n—oo n

(b) Suppose by contradiction that liminf, .. |f(z)] = ¢ > 0, then by definition of the liminf there exists
2o > 0 such that |f(z)| > ¢/2 for any x > xg. Therefore,

AWMM>ATWMM>/fmm=m,

To
which is a contradiction with f € L*.

(c) Consider f(x) = Y77 nlp, pyon(z)(x). Applying the monotone convergence theorem to fy(z) =
27]:]:1 N1y nq2-n1(x) it is straightforward to verify that

Il <> / N jp ey (@)de =Y 027" <Y 272 < oo,
n=1"R n—1 1

Common error
- being in L' does not mean your limit at infinity is 0
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Question 13: This question is worth 5 points.

NSNS ©

Consider two non-negative simple functions f,g : [0,1] — R, namely f(z) = > .1 a:ila,(z), g(z) =
Zilil ¢ile, (z) where N € Nand a; > 0,¢; >0, C;, A; C [0,1] are measurable sets for any i = 1,..., N.
We associate to f, g the two functions

N N

F(z) =Y ailpmay(@),  G@) = ciljgmey(@)

i=1 i=1

Prove the following:

(a)

(b)

(8 points).

[ s = [ Feas
/01 fl@)g(z)dz < /01 F(2)G(z)dx

(2 points). Finally, for N = M =1 and A; N C; = ) prove that

/ F() — )l < / 1£(z) — g(x)ldz.

Proof:

(a)

For the first identity we simply observe that it follows by definition since m(E) = m([0, m(E)]) for any
E c[o,1].
From now on we use the notation I'r = [0, m(F)] for any E C [0,1]. To prove the second identity, we

observe that
N M

/f x)dx—Zchaj (4;,nCy).

=1 j=1

But we also know that
m(A] NeC;) < mm{m(Aj),m(C’l)} = m(IAj NIig,).

Therefore, since ¢;,a; > 0, we have

N M

/Rf(q:) Dz <3S cagm(L, ﬂIc)—/RF(a:)G(q:)d;v

=1 j=1

We observe that the following equality holds
1
/ |[f(x) —g(x)] =am(A\ C) +em(C\ A) + |a — cfm(ANC) = am(A4) + em(C),
0

where in the last we used AN C = (). We suppose, without loss of generality, that m(A4) > m(C).
Then,

/ |F(z) — G(z)|dx = / |F(z) — G(z)|dx + / |F(z) — G(z)|dx
[0,m(C)] [m(C),m(A)]
= |a — c|m(C) + a(m(A) — m(C)).
We finally notice that
la — cjm(C) + a(m(A) — m(C)) = am(A) + (Ja — ¢| — a)m(C) < am(A) + em(C)

where the last holds thanks to the triangular inequality.

Common errors

- The value of the integral depending on x.

- Double summation with wrong indices.
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Question 14: This question is worth 8 points.

(o Lh Ll Cs Ll L e [ J- s

Let {an}nez be a sequence of real numbers such that 07 |a,| < co and define ¢(z) = >
Consider the PDE

o0 inT
n=—oo &n€ .

8tu = zaza:u+u_<p (t,l’) € (0700) X (_ﬂ—aﬂ)a
u(0,2) =0 for all x € [-7,7) (2)
u(t, —m) = u(t, ) forall ¢t >0,

(a) (1 point). Prove that the sequence {¢n}nen defined as oy = ZSZ_N a,e™" is a Cauchy sequence in

C°[—n, 7] and deduce that ¢ € C°[—m, 7).

(b) (8 points). Write u(t,z) = > 0~ ___ b,(t)e’" and find from (2) an ODE satisfied formally for b, (¢) in

n=—oo

terms of a,. Finally, compute explicitly b, (¢).

(c) (4 points). Prove that the solution u found in the previous point is such that u, dyu, zu € C°((0, 00) X
[-m, 7)) and w solves (2) and that u(t,z) — 0 as ¢ — 0T uniformly in z.

Hint: Recall that the solution of § = cy + d with ¢,d € R and y(0) = 01is y(¢) = %[e“ —1].
Proof:

(a) Using the assumption > 2 |a,| < co it is straightforward to check that ¢n is a Cauchy sequence

in C°. For any £ > 0 there exists N such that

lon —earllco < Z lan| < e
=N

for any N,M > N.

(b) Using (2) we can deduce formally that

b, = (1 —2n2)b, —a,,
b,(0) =0,

for any n € N. Therefore, a candidate solution of (2) is

3]
a —2n? inT
u(t7x) = Z T _;n2(1 _ 6(1 2 )t)e
(c) Define
up(x,t) = . _agn2 (1— e(lfznz)t)em“" )

Observe that there exists C > 0 such that

a
Hc')tunHCo S 1 —;nQ 277,2 S Can

and for any k € N we have

6’;un(t7q;) _ : Clr; - (zn)k(l _ 6(1—2n2)t)einr
— an

which implies that for any & = 1,2 there exists C' > 0

a .
0%l co = |$(m)k| <Ca,
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from which we deduce that the series {(u)n}N{(Q:u)N}N, {(Ozu)N} N, {(Orzu) N} N defined as

N N
unN = E Unp, , (atu)N = E atun )
n=—N n=—N

N N
(aﬂvu)N = Z OUn (azmu)N = Z Oz lin
n=—N n=—N

are absolutely summable and therefore the series (u)n (Opu)n, (Ozu) N, (Ozzu) y are Cauchy series in
C°. We therefore we notice that

N N
E Up — U, E Oup — w,
n=—N n=—N

N N
D Owun—g, D Owptin—h
n=—N n=—N

with respect to the C° norm. Furthermore, as done in class we notice that w = d;u, ¢ = O,u and
h = Ogyzu. Therefore, we can justify that u is a solution of

Ot = 20,0 +u— .

Finally, for the initial datum, we observe |u,| < Ca, and ), a, < 0o, therefore, for any € > 0 there
exists N(e) € N such that }°, . v () an <e/2. Furthermore, by (t) is continuous and b, (0) = 0 for any
n, therefore there exists ¢t such that |b,(t)| < €/2N(¢) for any t < ¢ and therefore

N(e)

S lba(t)] < ¢/2,
n=0

from which we conclude
lu(t,z)] < e

for any t < t.

Common errors
- an infinite sum of continuous functions is not always continuous.
- proving a sum converges does not imply it converges uniformly.
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Question 15: This question is worth 6 points.

Lo L Ll Cs [ [1s s
Let f: R — R be a 27 periodic function such that

f(z) = max{0, cos(x)}

Denote with {a,} and {b,} the real Fourier coeflicients of f, i.e.

1 /" 1 ("
ap = — f(z) cos(nz)dz, by, = — f(x) sin(nz)dz.
LI p—— -
(a) (5 points). Compute the Fourier series of f
(b) (1 point). Compute the value of the series
i (=™
2 )
= 4m2 —1
Hint: cos(A) cos(B) = 1(cos(A + B) + cos(A — B)).
Proof:

(a) The Fourier series of f is

flx) = %0 + i an cos(nx) ,

n=1

because the function is even. We thus compute the Fourier coefficients:
1 7\'/2
Gy, = f/ cos(z) cos(nz)dz.
™ —m/2

For n = 0 we have

/2 2
ag = / cos(z) = —

—7/2 ™
For n > 1, recall that
1
cos(A) cos(B) = i(cos(A + B) + cos(A — B)).

Therefore

1 /2

ap = — cos((n + 1)z) + cos((n — 1)x)dz

2m —m/2

For n = 1 we have )
a; = 5
For n > 2 we obtain
1 /2

an, cos((n + 1)x) + cos((n — 1)z)dz

B 27 —m/2

= b sin((n + l)g) +

m(n+1) stn((n - 1>§)

_
m(n—1)
Since

. - . T 0 if n is odd
sin((n + 1)5) = —sin((n — 1)5) = {(_1)71,/2 if n is even

Thus, when n is even we have that

Gy
"Tan+1) wn—-1) wni-1°

Therefore

fz) = % + % cos(z) — i,nio:l % cos(2mz)
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(b) In the first series we set x = 0 and deduce that

1=+

Eiﬂ
T 14mQ—17

m=

S|
| =

where the last equality holds because the function f is Lipschitz and therefore the series is pointwise

converging. Hence
o0
=™

2 _
— 4m 1

_1
T2 4

Common error - Missing a; .
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Question 16: This question is worth 6 points.

NSNS

(a) (2 points). Let g € C°(R). Give a formula of Bk\)(g) in terms of §(§) and prove it for k = 1, where
g™ denote the k-th derivative.

(b) (4 points). Is there a non-zero function f € S(R) such that
/fkf(ﬁ)dfzo for every k € N?
R

Hint: for (b) consider g € S(R) such that f =g.
Proof:

(a) State and prove it as done in class.

(b) Yes. Observe that if f = g for some g € S(R) then by the Fourier inversion formula it holds that

[ 1w = s [ @ine) 50 de = iy [ 7 (a9) 0 = mpaP0. )

In particular, if ¢ € C°(R) is such that g # 0 and 0 ¢ supp(g), then setting f =g, we have that

e [ # 0 as by Plancherel || f|[r2r) = llgllL2r) > 0,
e [ e S(R) since CX(R) C S(R),
o [paFf(x) =0 for all k € Ny by (3) and the choice of g.

Common error

- ng’“(f)df =0 =g =0 (not true for some Gaussians for instance).



