
+1
0
0



f 2 C(R/Z) 1 {an}1n=0, {bn}1n=1

an = 2
R 1
0 f(x) cos(2⇡nx)dx bn = 2

R 1
0 f(x) sin(2⇡nx)dx

f(x+ 1/2) = �f(x) x

a2m+1 = b2m+1 = 0 m = 1, 2, . . .

an = bn = 0 n = 1, 2, . . .

a0 = 0 a2m = b2m = 0 m = 1, 2, . . .

f, g 2 L1(R) \ L2(R) f̂(⇠) = |⇠|5/2e�|⇠|2/4, ĝ(⇠) = e�|⇠|2/4

g /2 S(R)
f ⇤ g /2 L1(R)
f /2 S(R)
f g

@xu� u@yu = 0 ,

u : R2 ! R v, w

v, w v � w

v,w v + w

v � > 0 v�(x, y) = �v(�x, y)

v(x, y) = x+ xy + y3 + x2y

f(x) = x2e�x2

f̂(⇠)

lim⇠!±1 f̂(⇠) = 1

f̂(⇠) 2 L1 \ L1

f̂(⇠) 2 L2(R) f̂(⇠) /2 L1(R)
f̂(⇠) R

n 2 N fn : R ! R fn(x) =
1

x2 [2�n,2�n+1]

lim supn
R
R fn dx >

R
R lim supn fn dx

limn

R
R |fn � limn fn| dx = 0

limn

R
R fn dx <

R
R lim infn fn dx

limn

R
R fn dx =

R
R limn fn dx



fn(x) = x�1/3
[0,1/n] fn ! 0

L1 L2

L4 L1

L2 L4

L1

f, g : R ! R f � 0

f 2 L3(R) f3/2 2 L2(R)
f 2 L2(R) f 2 L1(R)
f, g 2 L1(R) fg 2 L1(R)
f, g 2 L2(R) fg 2 L2(R)

f, g 2 S(R) f̂ , ĝ

kf ⇤ gkL2  kf̂kL1kĝkL1

kf ⇤ gkL2  kf̂kL2kĝkL2

kf ⇤ gkL2  kf̂kL1kĝkL2

kf ⇤ gkL2  kf̂kL1kĝkL1

{fn}n2N fn : (0, 1) ! R

fn(x)  0 x 2 (0, 1) n 2 N

lim inf
n!1

Z 1

0
fn(x)dx �

Z 1

0
lim inf
n!1

fn(x)dx

fn(x) � 0 x 2 (0, 1) n 2 N

lim sup
n!1

Z 1

0
fn(x)dx 

Z 1

0
lim sup
n!1

fn(x)dx

M 2 N fn(x) � 0 x 2 (0, 1) n  M

lim inf
n!1

Z 1

0
fn(x)dx �

Z 1

0
lim inf
n!1

fn(x)dx

c 2 R fn(x)  c x 2 (0, 1) n 2 N

lim sup
n!1

Z 1

0
fn(x)dx 

Z 1

0
lim sup
n!1

fn(x)dx

S1
n=1

⇣
n� 3, (n�1)3

n2

⌘

S1
n=1

�
� 1

n ,
1
n

�

S1
n=1

�
� cos2( 1n ), sin

2( 1n )
�

S1
n=1

⇣
2n, 22n+1

2n

⌘



A = (1,1)⇥ [0,⇡/2] n 2 N fn : A ! R

fn(x, y) =
x+ cos(2y)

(x2 + 1 + y
n )

2
.

limn!1 fn(x, y)

lim
n!1

Z

A
fn(x, y)dx dy =

⇡

8
.

y/n ! 0 n ! 1 fn(x, y) ! x+cos(2y)
(x2+1)2

|fn(x, y)|  x+1
(x2+1)2  1

x2+1 2 L1(A) n 2 N

lim
n!1

Z

A
fn(x, y)dx dy =

Z 1

1

Z ⇡/2

0

x+ cos(2y)

(x2 + 1)2
dy dx

=
⇡

2

Z 1

1

x

(x2 + 1)2
dx =

⇡

4

Z 1

2

1

y2
dy =

⇡

8

cos(2y) (0,⇡/2)
fn � 0



f 2 L1(R)

lim
n!1

Z 1

n
|f(x)|dx = 0 .

lim inf
x!1

|f(x)| = 0 .

f 2 L1(R)

lim sup
x!1

|f(x)| = 1 .

fn(x) = [n,1)(x)|f(x)|
|fn(x)|  |f(x)| 2 L1(R) x 2 R limn!1 fn(x) = 0 x 2 R

lim
n!1

Z 1

n
|f(x)|dx = lim

n!1

Z 1

�1
fn(x)dx =

Z 1

�1
lim
n!1

fn(x)dx = 0 .

lim infx!1 |f(x)| = c > 0
x0 > 0 |f(x)| � c/2 x � x0

Z

R
|f(x)|dx �

Z 1

x0

|f(x)|dx �
Z 1

x0

c/2dx = 1 ,

f 2 L1

f(x) =
P1

n=1 n [n,n+2n](x)(x) fN (x) =
PN

n=1 n [n,n+2�n](x)

kfkL1 
1X

n=1

Z

R
n [n,n+2n](x)dx =

1X

n=1

n2�n 
1X

n=1

2�n/2 < 1 .

L1



f, g : [0, 1] ! R f(x) =
PN

i=1 ai Ai(x) g(x) =PN
i=1 ci Ci(x) N 2 N ai � 0 , ci � 0 Ci, Ai ⇢ [0, 1] i = 1, . . . , N

f, g

F (x) =
NX

i=1

ai [0,m(Ai)](x), G(x) =
NX

i=1

ci [0,m(Ci)](x),

Z 1

0
|f(x)|dx =

Z 1

0
|F (x)|dx

Z 1

0
f(x)g(x)dx 

Z 1

0
F (x)G(x)dx

N = M = 1 A1 \ C1 = ;
Z 1

0
|F (x)�G(x)|dx 

Z 1

0
|f(x)� g(x)|dx.

m(E) = m([0,m(E)])
E ⇢ [0, 1]

IE = [0,m(E)] E ⇢ [0, 1]

Z

R
f(x)g(x)dx =

NX

i=1

MX

j=1

ciajm(Aj \ Ci).

m(Aj \ Ci)  min{m(Aj),m(Ci)} = m(IAj \ ICi).

ci, aj � 0

Z

R
f(x)g(x)dx 

NX

i=1

MX

j=1

ciajm(IAj \ ICi) =

Z

R
F (x)G(x)dx.

Z 1

0
|f(x)� g(x)| = am(A \ C) + cm(C \A) + |a� c|m(A \ C) = am(A) + cm(C) ,

A \ C = ; m(A) � m(C)

Z 1

0
|F (x)�G(x)|dx =

Z

[0,m(C)]
|F (x)�G(x)|dx+

Z

[m(C),m(A)]
|F (x)�G(x)|dx

= |a� c|m(C) + a(m(A)�m(C)) .

|a� c|m(C) + a(m(A)�m(C)) = am(A) + (|a� c|� a)m(C)  am(A) + cm(C)



{an}n2Z
P1

n=�1 |an| < 1 '(x) =
P1

n=�1 aneinx

8
>><

>>:

@tu = 2@xxu+ u� ' (t, x) 2 (0,1)⇥ (�⇡,⇡) ,

u(0, x) ⌘ 0 x 2 [�⇡,⇡)

u(t,�⇡) = u(t,⇡) t > 0 ,

{'N}N2N 'N =
PN

n=�N aneinx

C0[�⇡,⇡] ' 2 C0[�⇡,⇡]

u(t, x) =
P1

n=�1 bn(t)einx bn(t)
an bn(t)

u u, @tu, @xxu 2 C0((0,1)⇥
[�⇡,⇡)) u u(t, x) ! 0 t ! 0+ x

ẏ = cy + d c, d 2 R y(0) = 0 y(t) = d
c [e

ct � 1] .

P1
n=�1 |an| < 1 'N

C0 " > 0 N

k'N � 'MkC0 
X

|n|�N

|an| < "

N,M � N

(
ḃn = (1� 2n2)bn � an ,

bn(0) = 0 ,

n 2 N

u(t, x) =
1X

n=�1

an
1� 2n2

(1� e(1�2n2)t)einx

un(x, t) =
an

1� 2n2
(1� e(1�2n2)t)einx .

C > 0

k@tunkC0  an
1� 2n2

2n2  Can

k 2 N

@k
xun(t, x) =

an
1� 2n2

(in)k(1� e(1�2n2)t)einx

k = 1, 2 C > 0

k@k
xunkC0 = | an

1� 2n2
(in)k|  Can



{(u)N}N{(@tu)N}N {(@xu)N}N {(@xxu)N}N

uN =
NX

n=�N

un , (@tu)N =
NX

n=�N

@tun ,

(@xu)N =
NX

n=�N

@xun , (@xxu)N =
NX

n=�N

@xxun

(u)N (@tu)N , (@xu)N , (@xxu)N
C0

NX

n=�N

un ! u ,
NX

n=�N

@tun ! w ,

NX

n=�N

@xun ! g ,
NX

n=�N

@xxun ! h

C0 w = @tu g = @xu
h = @xxu u

@tu = 2@xxu+ u� ' .

|un|  Can
P

n an < 1 " > 0
N(") 2 N

P
n>N(") an < "/2 bn(t) bn(0) = 0

n t |bn(t)| < "/2N(") t  t

N(")X

n=0

|bn(t)| < "/2 ,

|u(t, x)| < "

t  t



f : R ! R 2⇡

f(x) = max{0, cos(x)}

{an} {bn} f

an =
1

⇡

Z ⇡

�⇡
f(x) cos(nx)dx, bn =

1

⇡

Z ⇡

�⇡
f(x) sin(nx)dx.

f

1X

m=1

(�1)m

4m2 � 1
,

cos(A) cos(B) = 1
2 (cos(A+B) + cos(A�B)).

f

f(x) =
a0
2

+
1X

n=1

an cos(nx) ,

an =
1

⇡

Z ⇡/2

�⇡/2
cos(x) cos(nx)dx.

n = 0

a0 =

Z ⇡/2

�⇡/2
cos(x) =

2

⇡

n � 1

cos(A) cos(B) =
1

2
(cos(A+B) + cos(A�B)).

an =
1

2⇡

Z ⇡/2

�⇡/2
cos((n+ 1)x) + cos((n� 1)x)dx

n = 1

a1 =
1

2
n � 2

an =
1

2⇡

Z ⇡/2

�⇡/2
cos((n+ 1)x) + cos((n� 1)x)dx

=
1

⇡(n+ 1)
sin((n+ 1)

⇡

2
) +

1

⇡(n� 1)
sin((n� 1)

⇡

2
)

sin((n+ 1)
⇡

2
) = � sin((n� 1)

⇡

2
) =

(
0 n

(�1)n/2 n

n

an =
(�1)n/2

⇡(n+ 1)
� (�1)n/2

⇡(n� 1)
= � 2

⇡

(�1)n/2

n2 � 1
.

f(x) =
1

⇡
+

1

2
cos(x)� 2

⇡

1X

m=1

(�1)m

4m2 � 1
cos(2mx)



x = 0

1 =
1

⇡
+

1

2
� 2

⇡

1X

m=1

(�1)m

4m2 � 1
,

f

1X

m=1

(�1)m

4m2 � 1
=

1

2
� ⇡

4

a1



g 2 C1
c (R) dg(k)(⇠) ĝ(⇠) k = 1

g(k) k

f 2 S(R)
Z

R
⇠kf(⇠) d⇠ = 0 k 2 N ?

g 2 S(R) f = bg

f = bg g 2 S(R)
Z

R
xkf(x) dx =

1

(2i⇡)k

Z

R
(2i⇡⇠)kbg(⇠) d⇠ =

1

(2i⇡)k

Z

R
F
⇣
g(k)

⌘
(⇠)d⇠ =

1

(2i⇡)k
g(k)(0) .

g 2 C1
c (R) g 6= 0 0 /2 (g) f = bg

f 6= 0 kfkL2(R) = kgkL2(R) > 0 ,

f 2 S(R) C1
c (R) ⇢ S(R) ,

R
R xkf(x) = 0 k 2 N0 g .

R
ĝk(⇠)d⇠ = 0 ) g ⌘ 0


