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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 Consider the triangle T C R? with vertices in A = (0,0), B = (1,1),C = (1, -1).
What is the value of [.(z 4 y)?
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|:| Tt is not defined because (x + y)? is not absolutely integrable.
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Question 2 Let f(z) = % f belongs to LP(0,1) if and only if
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Question 3  Let {f,}nen be a sequence of non-negative functions in L?(R9) N L*(R%). Which of the
following statements is true?

B 1t liminf, o || fu]l2r =0, then, for all £ > 0, we have m({z € Q: liminf, o fn(z) < e}) = m(Q).
LI IE ) fllzz — +oo, then [|ful 1 = +oo.

(I (| fullz2 = C > 0, then, for all M > 0, we have m({z € R%: | f,(2)| < M}) < <.

|:| If f, — 0 almost everywhere, then || f,||L: — 0.

Question 4  Let a € R. With Holder’s inequality, determine: the function fgfff) belongs to L(1,+o0) for
all f € L2(1,+o0) if and only if

|:| a<0

[Jo<a<1/2

[Ja=1/2
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Question 5  Which of the following statements is true?

- Every function F': R — R that vanishes outside the Cantor set is measurable.

[ ] Every function F : R — R that vanishes on the Cantor set is measurable.

[ ] If the function F : R — R is measurable, then the set {z € R : F(z) = x} can be not measurable.
[ ] Every function F : R — {0} U {1} is measurable.
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1 Exercises
1.1 E1 (Fat Cantor Set)

Solution:

1. The set C,, - is Lebesgue measurable, since it consists of 2" disjoint intervals of equal length,
and has measure m (Cy, ) = m (Cp—1,4) — 2" 19" for all n > 1, with m (Co ) = 1.

Hence,
ok 5N 11! (11— (2"
L) =1 2kl k=1 _ = =12 (—=2 1) =1L =T
k=1 k=1
As aresult C;, =, Cy,y is Lebesgue measurable with measure
m(C,) = lim m(C,~)=1-— R
Y n—s00 n,y 1— 27

2. The statement is false. Let us disprove it. For any € R we have m(C 4+ z) = m(C) = 0. We
then deduce that, for any sequence {x;};en C R,

m (O (C’—|—xi)> = 0.

If, by contradiction, [0,1] C (J;2, (C' + z;), then

L= m(0,1]) < m (G <c+xi>> -0,

which is absurd.

1.2 E2 (Dominated Convergence)
Solution:
1. See Lecture Notes.
2. We have that lim,, 4 fn(2)dz = 0. We have, for all n € N,
e 1

<
n3 — n2’

for all =z € R,
and hence f,(x) > 0. Then,
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3. By point (2), |fn(z)| < 272 € L*([1,+00)). Hence, we can apply the dominated convergence
theorem to conclude that

+oo +oo
lim fo(x)dz = / lim f,(x)dx =0.
1
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4. Since f, > 01n [1,400) for every n, the sequence of partial sums is non-decreasing. Therefore,
by the monotone convergence theorem, we have

+o0 +<>o Z/+oo Folz
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Now, we compute

+oo n —x n
n 1 1 1 1
OS/ 7f(x)dx§f = c daré/ do < —;
1 ne n® J; \n? n3 ;. nite nlto

hence, by the comparison principle for numerical series,

Z fn E LY([1,+0)), forall a>0.

On the other hand, for every n sufficiently large,

oo f(x) 1 M™/1 et Ten—1 1
2 de > — — - dz > dz > :
/1 ne x_na/l <n2 n3> v /1 enzte U= 9o pita

hence, again by the comparison principle for numerical series,

Z fn ([1,400)), forall a<O0.

5. It would not have been possible to use the monotone convergence theorem. Indeed, {f, }nen is
a sequence of non-negative functions, but it is not monotone with respect to n a.e. in [1,4+00).
Note that each f, is non-negative and strictly positive on a set of positive measure, while
fn — 0 a.e. Moreover, if € [1,n], then

fn+1(x) - fn(x) = % - % +e " (1 _ 13)

(n+1) nd  (n+1)
_ 2n+1 _L3n?+3n+1
n2(n+1)2 ¢ n3(n+1)3
1 7

CESE + i< 0, for n large enough.

1.3 E3 (Lebesgue Measure)

Solution: Consider a Lebesgue measurable set E C [0, 1] with m(E) > 0.
For every n € N, let E,, = {x €0,1]: f(z) > %} We note that E,, C E,41 for every n € N|

and then lim,, 1 m(E,) =m (UnZl En> =m([0,1]) = 1.

Then, there exists N € N such that
0

and, thus,
m(ENEN)=m(E)—m(E°NE)>m(E)—
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Now, we conclude

/Ef(x)dx>/EmEN flz)dz > 5N > 0.



