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Do not turn the page before the start of the exam. This document is double-sided, has 8
pages, the last ones possibly blank. Do not unstaple.

e Place your student card on your table.

e Documents, books, calculators and mobile phones are not allowed to be used during the exam.

e All personal belongings (including turned-off mobiles) must be stored next to the walls of the
classroom.

e You are allowed to bring to the exam a one sided, A5 paper with notes handwritten by you
personally.

e For the multiple choice questions, we give :
+1 points if your answer is correct,
0 points if you give no answer or more than one,
0 points if your answer is incorrect.

e The answers to the open questions must be justified. The derivation of the results must be clear
and complete.

e Use a black or dark blue ballpen and clearly erase with correction fluid if necessary.

e If a question is wrong, the teacher may decide to nullify it.
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer.

Question 1 Consider the sequence {f,} where f,,(z) = Which of the following is true?

neN? nz+1

|:| It converges to 0 uniformly in [0, 1].
[ ] It converges to 0 in L2((0, 00)).

[ ] It converges to 0 for every z € [0, 00).
[ ] It converges to 0 in L1((0,c0)).

Question 2 For a given parameter a > 0, consider the function f : R — R defined as

1

ER

fa(z) =

Which of the following statements is true?

[ ] fo € LP(R\ (=1,1)) if and only if p < 2/a.
L] fa ¢ LP(R) for all p € [1,400].
[ fa € L2(R).

[ ] fo€LP((~1,1)) if and only if p > 1/a.

Question 3 Let f:[0,1] — R. Which of the following is true?

|:| If f is continuous a.e., then there exists a continuous function g : [0,1] — R such that f = g a.e..
[ ] If {z €[0,1] : f(x) = ¢} is measurable for every ¢ € R, then f is measurable.
[ ] If f is continuous and f = g a.e. for some g : [0,1] — R, then g is continuous a.e..

[ ] If f is continuous a.e., then f is measurable.

Question 4 Let A C R Let A be the closure of A and int(A) be the interior of A (i.e. the biggest open
set contained in A). Which of the following is true?

[ ] If m(int(A)) = m(A) < +oo, then A is measurable.

[ ] int(A) = 0 if and only if m*(A4) = 0.

[ ] If A is open, then m(A) = m(4).

[ ] There exists a measurable set £ C R? with m(E) > 0 such that |z — y| € Q for all z,y € A.

Question 5  Let I' := {(z,2z) : € (0,1)} C R? and let m be the Lebesgue measure in R?. Then, m(T)
is equal to

[]1
[] .
[]2.
[ ]o.



EEEEE BN
HEEE B EH B +124/3/22+

Second part, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 6: This question is worth 6 points.

[l Ll [ Jel s [l
Let {fn}nen be a sequence of functions in L'((0,1)) which converges in L' to f € L'((0,1)).

(a) (4 points). Prove that there exists a subsequence {f,, }xen and a function F' € L'((0,1)) such that
| fr, ()] < F(z) for a.e. z € (0,1) and every k € N.

(b) (2 points). Let {g, }nen C L*((0,1)) be a sequence of functions that converge pointwise a.e. to g and
such that |g,(z)| < |fn(z)| for a.e. z € (0,1) and every n € N. Prove that

/01 gn(z)dx — /01 g(z)dz.
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Question 7: This question is worth 6 points.

(oL gLl Ja [ Ja [ Js [ s

Consider the set E = {(x,y) € (0,00) xR: |y < #} and the function f: F — R defined as f(z,y) =

4416

Jon=[ e

(c) (3 points). Determine all the values of p € [1, 00) for which f € LP(E).

xz7y.

(a) (2 points). Prove that

(b) (1 point). Show that f & L>®(F).
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Question 8: This question is worth 6 points.
Lo L Ll Cs e s s
2

Let B,.(x) C R? be the open ball of radius 7 > 0 and center z € R?, whose measure is m(B,(z)) = 7r?.

(a) (1 point). Prove that there exists a positive constant ¢; > 0 such that, for every ball B,.(z) C R?, one
can find an open box R that satisfies

B.(z) C R and m(R) < eym(B.(x)).

(b) (2 points). Prove that there exists a constant c; > 0 such that, for every open box R C R?, one can
find balls {B,, (z,)}_, that satisfy

N N
RC |JB:, (zn) and > m(B,, (x,)) < com(R).

n=0 n=0

Hint: assume that the box has sides L; < Ly and find a covering of balls with radius L.
(¢) (1 point). For every set E C R?, define

o*(E) := inf {Zm(Brn (1)) : {Br, () tnen covering of E} € [0, o0].

n=0

Prove that m*(F) < ¢c;0*(F) and o*(F) < com*(E).
(d) (2 points). Let F': R? — R? be such that
|F(x) = F(y)| < |z —y| Vo,yeR”

Prove that m*(F(E)) < cieam*(E) for every E C R2.
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