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Do not turn the page before the start of the exam. This document is double-sided, has 8
pages, the last ones possibly blank. Do not unstaple.

e Place your student card on your table.
e Documents, books, calculators and mobile phones are not allowed to be used during the exam.
e All personal belongings (including turned-off mobiles) must be stored next to the walls of the
classroom.
e You are allowed to bring to the exam a one sided, A5 paper with notes handwritten by you
personally.
e For the multiple choice questions, we give :
+1 points if your answer is correct,
0 points if you give no answer or more than one,
0 points if your answer is incorrect.

e The answers to the open questions must be justified. The derivation of the results must be clear

and complete.
e Use a black or dark blue ballpen and clearly erase with correction fluid if necessary.

e If a question is wrong, the teacher may decide to nullify it.

Respectez les consignes suivantes | Observe this guidelines | Beachten Sie bitte die unten stehenden Richtlinien

choisir une réponse | select an answer ne PAS choisir une réponse | NOT select an answer Corriger une réponse | Correct an answer
Antwort auswahlen NICHT Antwort auswahlen Antwort korrigieren
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ce qu'il ne faut PAS faire | what should NOT be done | was man NICHT tun sollte
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one
correct answer.

Question 1 Let f(z,y,2) =zy and A = {(z,y,2) : x € (0,1),y € (0,1),0< 2 <2 —x — y}.
What is the value of [, f(x,y,z)dzdydz?
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Question 2 Let f,g: R — R be measurable functions and V' be the Vitali set. Which of the following
statements is true?

|:| 1y is measurable

|:| f o g is measurable

[ ] Every bounded function is measurable

|:| Every increasing function is measurable

Question 3  Let f € CP(R) and define f,,(z) = nf(nz) for any n € N.
Which of the following statements is true?

[ timp s oo [ fall ey = 112 @)

|:| limy, 4o an”ﬂ(R) = Hf||L2(R)

[ timpsvoo [ fn = fllzagey =0

[ timpspoo [ fnll 2 = 0

Question 4  Let I; C R be open intervals for any k € N and be such that QN [0,1] € Uy, Ik-
Which of the following statements is true?

[ ] If there exists N such that I, = ( for any k > N, then Y37, m*(I) > 1
L] Srzgm (@) > 1
[ ] If there exists N such that I;, = § for any k > N, then Soreom (Iy) <1
[y m () <1

Question 5  Let f(x) = 22 — 1 and ¢ € C2(R) be a continuous function with compact support and
Jep(@)de = 1. Let g(z) = [ f(z —y)o(y)dy.
Which of the following statements is true?

|:| There exists a constant ¢ € R depending on ¢ such that g(z) = cx — 1

|:| There exists a constant ¢ € R depending on ¢ such that g(z) = 2z + ¢ for any z € R

[ ]g@)=1forany z€R

[ ] g(z) = +oo for any z € R
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Second part, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of your
argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 6: This question is worth 9 points.

[ Ll LRl LDl [l L[ b

Let p € [1,00).
(a) (2 points). State the dominated convergence theorem.
(b) (4 points). Prove that for any Cauchy sequence { f,, }nen in LP(0, 1) there exist a subsequence {f,, }ren

and f,F € LP(0,1) such that |f,, ()] < F(z) for a.e. z € (0,1) and limy_,o fpn, (z) = f(z) for a.e.
x € (0,1).

(c) (3 points) Prove that there exists a sequence {f,}nen C LP((0,1)) and f € LP((0,1)) such that the
following two properties hold:
lfn— fllr — 0 as n — oo
and there are no F' € LP(0,1) such that f,(z) < F(z) for any n € N and for a.e. = € (0,1).

Hint: For (c), you may consider the functions f, = n 17, and Iomy; = [i/2™, (i 4+ 1)/2™] for every
meN,i€0,...,2" — 1, namely I, = [0,1], I, = [0,1/2], Iy = [1/2,1], I, = [0,1/4], I5 = [1/4,2/4]...
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Question 7: This question is worth 8 points.

[l Ll Ll s e Ds [ e LI [ L

Let

fnlx) = gsin (%) e, x>0

—T

(a) (1 point). For every x > 0 prove that lim,_,o fn(z) =€

(b) (3 points). Compute lim,, fooc fn(x)dx.
(_1)n12n+1

(¢) (4 points). Using sin(z) =Y ", Gagmr rewrite fa(z) as a series and show that

n,.2n
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Hint: For point (c). To rigorously justify the first equality it may be useful to recall that e* = >
any x € R.

n
Z- for

n=0 n!
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