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Teacher : Maria Colombo

Analysis 4 (MATH-205)

21/06/2023

Duration : 180 minutes

1
Student 1

SCIPER : 999000

Do not turn the page before the start of the exam. This document is double-sided, has 20

pages, the last ones possibly blank. Do not unstaple.

� Place your student card on your table.

� Documents, books, calculators and mobile phones are not allowed to be used during the exam.

� All personal belongings (including turned-o� mobiles) must be stored next to the walls of the

classroom.

� You are allowed to bring to the exam a one sided, A4 paper with notes handwritten by you

personally.

� For the multiple choice questions, we give :

+1 points if your answer is correct,

0 points if you give no answer or more than one,

0 points if your answer is incorrect.

� The answers to the open questions must be justi�ed. The derivation of the results must be clear

and complete.
� Use a black or dark blue ballpen and clearly erase with correction �uid if necessary.

� If a question is wrong, the teacher may decide to nullify it.
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one

correct answer.

Question 1 Let f ∈ C(R/Z) be a 1-periodic function and let {an}∞n=0, {bn}∞n=1 be its real Fourier

coe�cents, namely an = 2
∫ 1

0
f(x) cos(2πnx)dx, bn = 2

∫ 1

0
f(x) sin(2πnx)dx.

Assume that f(x+ 1/2) = −f(x) for all x. Which of the following is true?

a2m+1 = b2m+1 = 0 for all m = 1, 2, . . . .

an = bn = 0 for all n = 1, 2, . . . .

a0 = 0 and a2m = b2m = 0 for all m = 1, 2, . . . .

None of the others is true.

Question 2 Let f, g ∈ L1(R) ∩ L2(R) be such that f̂(ξ) = |ξ|5/2e−|ξ|2/4, ĝ(ξ) = e−|ξ|
2/4. Which of the

following is true?

g /∈ S(R).

f ∗ g /∈ L∞(R)

f /∈ S(R).

f and g have compact support.

Question 3 Let us consider the following PDE

∂xu− u∂yu = 0 , (1)

for u : R2 → R. Assume that v, w solve (1). Which of the following statement is true?

For any v, w solutions of (1), v − w solves (1).

For any v, w solutions of (1), v + w solves (1).

For any v solution of (1) and any λ > 0, vλ(x, y) = λv(λx, y) solves (1).

v(x, y) = x+ xy + y3 + x2y is a solution of (1).

Question 4 Let f(x) = x2e−x
2

, and denote with f̂(ξ) its Fourier Transform. Which of the following

statements is true?

limξ→±∞ f̂(ξ) = 1

f̂(ξ) ∈ L1 ∩ L∞

f̂(ξ) ∈ L2(R) but f̂(ξ) /∈ L1(R)

f̂(ξ) has compact support in R

Question 5 For every n ∈ N we de�ne fn : R→ R as fn(x) =
1

x2
1[2−n,2−n+1].

Which of the following statements is true?

lim supn
∫
R fn dx >

∫
R lim supn fn dx.

limn

∫
R |fn − limn fn| dx = 0.

limn

∫
R fn dx <

∫
R lim infn fn dx.

limn

∫
R fn dx =

∫
R limn fn dx.

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.
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Question 6 Consider fn(x) = x−1/31[0,1/n]. Then fn → 0

in L1 but not in L2.

in L4 but not in L∞.

in L2 but not in L4.

in L∞.

Question 7 Let f, g : R→ R such that f ≥ 0. Which of the following statements is true?

If f ∈ L3(R) then f3/2 ∈ L2(R).

If f ∈ L2(R) then f ∈ L1(R).

If f, g ∈ L1(R) then fg ∈ L1(R).

If f, g ∈ L2(R) then fg ∈ L2(R).

Question 8 Let f, g ∈ S(R) and f̂ , ĝ be their Fourier transform. Which of the following inequality is

true?

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L1

‖f ∗ g‖L2 ≤ ‖f̂‖L2‖ĝ‖L2

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L2

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L∞

Question 9 Let {fn}n∈N be a sequence of measurable functions fn : (0, 1)→ R. Which of the following

is true?

If fn(x) ≤ 0 for any x ∈ (0, 1) and n ∈ N, then

lim inf
n→∞

∫ 1

0

fn(x)dx ≥
∫ 1

0

lim inf
n→∞

fn(x)dx

If fn(x) ≥ 0 for any x ∈ (0, 1) and n ∈ N, then

lim sup
n→∞

∫ 1

0

fn(x)dx ≤
∫ 1

0

lim sup
n→∞

fn(x)dx

Let M ∈ N, if fn(x) ≥ 0 for any x ∈ (0, 1) and for any n ≤M , then

lim inf
n→∞

∫ 1

0

fn(x)dx ≥
∫ 1

0

lim inf
n→∞

fn(x)dx

Let c ∈ R, if fn(x) ≤ c for any x ∈ (0, 1) and for any n ∈ N then

lim sup
n→∞

∫ 1

0

fn(x)dx ≤
∫ 1

0

lim sup
n→∞

fn(x)dx

Question 10 Which of the following sets has in�nite outer measure?⋃∞
n=1

(
n− 3, (n−1)

3

n2

)
⋃∞
n=1

(
− 1
n ,

1
n

)⋃∞
n=1

(
− cos2( 1n ), sin

2( 1n )
)

⋃∞
n=1

(
2n, 2

2n+1
2n

)
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Third part, open questions

Answer in the empty space below. Your answer should be carefully justi�ed, and all the steps of your

argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 11: This question is worth 5 points.

0 1 2 3 4 5

Let A = (1,∞)× [0, π/2], n ∈ N and fn : A→ R de�ned as

fn(x, y) =
x+ cos(2y)

(x2 + 1 + y
n )

2
.

Compute limn→∞ fn(x, y) and show that

lim
n→∞

∫
A

fn(x, y)dx dy =
π

8
.
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Question 12: This question is worth 5 points.

0 1 2 3 4 5

Let f ∈ L1(R). Then, prove the following:

(a) (2 points).

lim
n→∞

∫ ∞
n

|f(x)|dx = 0 .

(b) (1 point).

lim inf
x→∞

|f(x)| = 0 .

(c) (2 points). There exists a function f ∈ L1(R) such that

lim sup
x→∞

|f(x)| =∞ .

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
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Question 13: This question is worth 5 points.

0 1 2 3 4 5

Consider two non-negative simple functions f, g : [0, 1] → R, namely f(x) =
∑N
i=1 ai1Ai

(x), g(x) =∑N
i=1 ci1Ci

(x) where N ∈ N and ai ≥ 0 , ci ≥ 0, Ci, Ai ⊂ [0, 1] are measurable sets for any i = 1, . . . , N .

We associate to f, g the two functions

F (x) =

N∑
i=1

ai1[0,m(Ai)](x), G(x) =

N∑
i=1

ci1[0,m(Ci)](x),

Prove the following:

(a) (3 points). ∫ 1

0

|f(x)|dx =

∫ 1

0

|F (x)|dx∫ 1

0

f(x)g(x)dx ≤
∫ 1

0

F (x)G(x)dx

(b) (2 points). Finally, for N =M = 1 and A1 ∩ C1 = ∅ prove that∫ 1

0

|F (x)−G(x)|dx ≤
∫ 1

0

|f(x)− g(x)|dx.

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.

y



PR
O
JE
T

y +1/11/50+ y

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.

y



PR
O
JE
T

y +1/12/49+ y

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.

y



PR
O
JE
T

y +1/13/48+ y
Question 14: This question is worth 8 points.

0 1 2 3 4 5 6 7 8

Let {an}n∈Z be a sequence of real numbers such that
∑∞
n=−∞ |an| <∞ and de�ne ϕ(x) =

∑∞
n=−∞ ane

inx.

Consider the PDE 
∂tu = 2∂xxu+ u− ϕ (t, x) ∈ (0,∞)× (−π, π) ,
u(0, x) ≡ 0 for all x ∈ [−π, π)
u(t,−π) = u(t, π) for all t > 0 ,

(2)

(a) (1 point). Prove that the sequence {ϕN}N∈N de�ned as ϕN =
∑N
n=−N ane

inx is a Cauchy sequence in

C0[−π, π] and deduce that ϕ ∈ C0[−π, π].

(b) (3 points). Write u(t, x) =
∑∞
n=−∞ bn(t)e

inx and �nd from (2) an ODE satis�ed formally for bn(t) in

terms of an. Finally, compute explicitly bn(t).

(c) (4 points). Prove that the solution u found in the previous point is such that u, ∂tu, ∂xxu ∈ C0((0,∞)×
[−π, π)) and u solves (2) and that u(t, x)→ 0 as t→ 0+ uniformly in x.

Hint: Recall that the solution of ẏ = cy + d with c, d ∈ R and y(0) = 0 is y(t) = d
c [e

ct − 1] .

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.
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Question 15: This question is worth 6 points.

0 1 2 3 4 5 6

Let f : R→ R be a 2π periodic function such that

f(x) = max{0, cos(x)}

Denote with {an} and {bn} the real Fourier coe�cients of f , i.e.

an =
1

π

∫ π

−π
f(x) cos(nx)dx, bn =

1

π

∫ π

−π
f(x) sin(nx)dx.

(a) (5 points). Compute the Fourier series of f

(b) (1 point). Compute the value of the series

∞∑
m=1

(−1)m

4m2 − 1
,

Hint: cos(A) cos(B) = 1
2 (cos(A+B) + cos(A−B)).

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.
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Question 16: This question is worth 6 points.

0 1 2 3 4 5 6

(a) (2 points). Let g ∈ C∞c (R). Give a formula of ĝ(k)(ξ) in terms of ĝ(ξ) and prove it for k = 1, where

g(k) denote the k-th derivative.

(b) (4 points). Is there a non-zero function f ∈ S(R) such that∫
R
ξkf(ξ) dξ = 0 for every k ∈ N ?

Hint: for (b) consider g ∈ S(R) such that f = ĝ.

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.
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� Place your student card on your table.

� Documents, books, calculators and mobile phones are not allowed to be used during the exam.

� All personal belongings (including turned-o� mobiles) must be stored next to the walls of the

classroom.

� You are allowed to bring to the exam a one sided, A4 paper with notes handwritten by you

personally.

� For the multiple choice questions, we give :

+1 points if your answer is correct,

0 points if you give no answer or more than one,

0 points if your answer is incorrect.

� The answers to the open questions must be justi�ed. The derivation of the results must be clear

and complete.
� Use a black or dark blue ballpen and clearly erase with correction �uid if necessary.

� If a question is wrong, the teacher may decide to nullify it.
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one

correct answer.

Question 1 Let f ∈ C(R/Z) be a 1-periodic function and let {an}∞n=0, {bn}∞n=1 be its real Fourier

coe�cents, namely an = 2
∫ 1

0
f(x) cos(2πnx)dx, bn = 2

∫ 1

0
f(x) sin(2πnx)dx.

Assume that f(x+ 1/2) = −f(x) for all x. Which of the following is true?

None of the others is true.

a0 = 0 and a2m = b2m = 0 for all m = 1, 2, . . . .

a2m+1 = b2m+1 = 0 for all m = 1, 2, . . . .

an = bn = 0 for all n = 1, 2, . . . .

Question 2 Let f(x) = x2e−x
2

, and denote with f̂(ξ) its Fourier Transform. Which of the following

statements is true?

f̂(ξ) ∈ L2(R) but f̂(ξ) /∈ L1(R)

limξ→±∞ f̂(ξ) = 1

f̂(ξ) has compact support in R

f̂(ξ) ∈ L1 ∩ L∞

Question 3 Consider fn(x) = x−1/31[0,1/n]. Then fn → 0

in L2 but not in L4.

in L1 but not in L2.

in L∞.

in L4 but not in L∞.

Question 4 Which of the following sets has in�nite outer measure?⋃∞
n=1

(
n− 3, (n−1)

3

n2

)
⋃∞
n=1

(
2n, 2

2n+1
2n

)
⋃∞
n=1

(
− cos2( 1n ), sin

2( 1n )
)⋃∞

n=1

(
− 1
n ,

1
n

)
Question 5 Let us consider the following PDE

∂xu− u∂yu = 0 , (1)

for u : R2 → R. Assume that v, w solve (1). Which of the following statement is true?

For any v, w solutions of (1), v + w solves (1).

For any v solution of (1) and any λ > 0, vλ(x, y) = λv(λx, y) solves (1).

For any v, w solutions of (1), v − w solves (1).

v(x, y) = x+ xy + y3 + x2y is a solution of (1).

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.
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Question 6 Let {fn}n∈N be a sequence of measurable functions fn : (0, 1)→ R. Which of the following

is true?

Let c ∈ R, if fn(x) ≤ c for any x ∈ (0, 1) and for any n ∈ N then

lim sup
n→∞

∫ 1

0

fn(x)dx ≤
∫ 1

0

lim sup
n→∞

fn(x)dx

Let M ∈ N, if fn(x) ≥ 0 for any x ∈ (0, 1) and for any n ≤M , then

lim inf
n→∞

∫ 1

0

fn(x)dx ≥
∫ 1

0

lim inf
n→∞

fn(x)dx

If fn(x) ≥ 0 for any x ∈ (0, 1) and n ∈ N, then

lim sup
n→∞

∫ 1

0

fn(x)dx ≤
∫ 1

0

lim sup
n→∞

fn(x)dx

If fn(x) ≤ 0 for any x ∈ (0, 1) and n ∈ N, then

lim inf
n→∞

∫ 1

0

fn(x)dx ≥
∫ 1

0

lim inf
n→∞

fn(x)dx

Question 7 Let f, g ∈ S(R) and f̂ , ĝ be their Fourier transform. Which of the following inequality is

true?

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L2

‖f ∗ g‖L2 ≤ ‖f̂‖L2‖ĝ‖L2

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L1

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L∞

Question 8 For every n ∈ N we de�ne fn : R→ R as fn(x) =
1

x2
1[2−n,2−n+1].

Which of the following statements is true?

limn

∫
R fn dx =

∫
R limn fn dx.

limn

∫
R |fn − limn fn| dx = 0.

limn

∫
R fn dx <

∫
R lim infn fn dx.

lim supn
∫
R fn dx >

∫
R lim supn fn dx.

Question 9 Let f, g ∈ L1(R) ∩ L2(R) be such that f̂(ξ) = |ξ|5/2e−|ξ|2/4, ĝ(ξ) = e−|ξ|
2/4. Which of the

following is true?

f /∈ S(R).

f and g have compact support.

f ∗ g /∈ L∞(R)

g /∈ S(R).

Question 10 Let f, g : R→ R such that f ≥ 0. Which of the following statements is true?

If f, g ∈ L2(R) then fg ∈ L2(R).

If f ∈ L2(R) then f ∈ L1(R).

If f ∈ L3(R) then f3/2 ∈ L2(R).

If f, g ∈ L1(R) then fg ∈ L1(R).

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
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Third part, open questions

Answer in the empty space below. Your answer should be carefully justi�ed, and all the steps of your

argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 11: This question is worth 5 points.

0 1 2 3 4 5

Let A = (1,∞)× [0, π/2], n ∈ N and fn : A→ R de�ned as

fn(x, y) =
x+ cos(2y)

(x2 + 1 + y
n )

2
.

Compute limn→∞ fn(x, y) and show that

lim
n→∞

∫
A

fn(x, y)dx dy =
π

8
.

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
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Question 12: This question is worth 5 points.

0 1 2 3 4 5

Let f ∈ L1(R). Then, prove the following:

(a) (2 points).

lim
n→∞

∫ ∞
n

|f(x)|dx = 0 .

(b) (1 point).

lim inf
x→∞

|f(x)| = 0 .

(c) (2 points). There exists a function f ∈ L1(R) such that

lim sup
x→∞

|f(x)| =∞ .

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
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Question 13: This question is worth 5 points.

0 1 2 3 4 5

Consider two non-negative simple functions f, g : [0, 1] → R, namely f(x) =
∑N
i=1 ai1Ai

(x), g(x) =∑N
i=1 ci1Ci

(x) where N ∈ N and ai ≥ 0 , ci ≥ 0, Ci, Ai ⊂ [0, 1] are measurable sets for any i = 1, . . . , N .

We associate to f, g the two functions

F (x) =

N∑
i=1

ai1[0,m(Ai)](x), G(x) =

N∑
i=1

ci1[0,m(Ci)](x),

Prove the following:

(a) (3 points). ∫ 1

0

|f(x)|dx =

∫ 1

0

|F (x)|dx∫ 1

0

f(x)g(x)dx ≤
∫ 1

0

F (x)G(x)dx

(b) (2 points). Finally, for N =M = 1 and A1 ∩ C1 = ∅ prove that∫ 1

0

|F (x)−G(x)|dx ≤
∫ 1

0

|f(x)− g(x)|dx.

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.

y



PR
O
JE
T

y +2/12/29+ y

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.

y



PR
O
JE
T

y +2/13/28+ y

y Pour votre examen, imprimez de préférence les documents compilés à l'aide
de auto-multiple-choice.

y



PR
O
JE
T

y +2/14/27+ y
Question 14: This question is worth 8 points.

0 1 2 3 4 5 6 7 8

Let {an}n∈Z be a sequence of real numbers such that
∑∞
n=−∞ |an| <∞ and de�ne ϕ(x) =

∑∞
n=−∞ ane

inx.

Consider the PDE 
∂tu = 2∂xxu+ u− ϕ (t, x) ∈ (0,∞)× (−π, π) ,
u(0, x) ≡ 0 for all x ∈ [−π, π)
u(t,−π) = u(t, π) for all t > 0 ,

(2)

(a) (1 point). Prove that the sequence {ϕN}N∈N de�ned as ϕN =
∑N
n=−N ane

inx is a Cauchy sequence in

C0[−π, π] and deduce that ϕ ∈ C0[−π, π].

(b) (3 points). Write u(t, x) =
∑∞
n=−∞ bn(t)e

inx and �nd from (2) an ODE satis�ed formally for bn(t) in

terms of an. Finally, compute explicitly bn(t).

(c) (4 points). Prove that the solution u found in the previous point is such that u, ∂tu, ∂xxu ∈ C0((0,∞)×
[−π, π)) and u solves (2) and that u(t, x)→ 0 as t→ 0+ uniformly in x.

Hint: Recall that the solution of ẏ = cy + d with c, d ∈ R and y(0) = 0 is y(t) = d
c [e

ct − 1] .
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Question 15: This question is worth 6 points.

0 1 2 3 4 5 6

Let f : R→ R be a 2π periodic function such that

f(x) = max{0, cos(x)}

Denote with {an} and {bn} the real Fourier coe�cients of f , i.e.

an =
1

π

∫ π

−π
f(x) cos(nx)dx, bn =

1

π

∫ π

−π
f(x) sin(nx)dx.

(a) (5 points). Compute the Fourier series of f

(b) (1 point). Compute the value of the series

∞∑
m=1

(−1)m

4m2 − 1
,

Hint: cos(A) cos(B) = 1
2 (cos(A+B) + cos(A−B)).
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Question 16: This question is worth 6 points.

0 1 2 3 4 5 6

(a) (2 points). Let g ∈ C∞c (R). Give a formula of ĝ(k)(ξ) in terms of ĝ(ξ) and prove it for k = 1, where

g(k) denote the k-th derivative.

(b) (4 points). Is there a non-zero function f ∈ S(R) such that∫
R
ξkf(ξ) dξ = 0 for every k ∈ N ?

Hint: for (b) consider g ∈ S(R) such that f = ĝ.
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Teacher : Maria Colombo

Analysis 4 (MATH-205)

21/06/2023

Duration : 180 minutes

3
Student 3

SCIPER : 999002

Do not turn the page before the start of the exam. This document is double-sided, has 20

pages, the last ones possibly blank. Do not unstaple.

� Place your student card on your table.

� Documents, books, calculators and mobile phones are not allowed to be used during the exam.

� All personal belongings (including turned-o� mobiles) must be stored next to the walls of the

classroom.

� You are allowed to bring to the exam a one sided, A4 paper with notes handwritten by you

personally.

� For the multiple choice questions, we give :

+1 points if your answer is correct,

0 points if you give no answer or more than one,

0 points if your answer is incorrect.

� The answers to the open questions must be justi�ed. The derivation of the results must be clear

and complete.
� Use a black or dark blue ballpen and clearly erase with correction �uid if necessary.

� If a question is wrong, the teacher may decide to nullify it.
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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly one

correct answer.

Question 1 For every n ∈ N we de�ne fn : R→ R as fn(x) =
1

x2
1[2−n,2−n+1].

Which of the following statements is true?

limn

∫
R fn dx <

∫
R lim infn fn dx.

limn

∫
R |fn − limn fn| dx = 0.

limn

∫
R fn dx =

∫
R limn fn dx.

lim supn
∫
R fn dx >

∫
R lim supn fn dx.

Question 2 Let {fn}n∈N be a sequence of measurable functions fn : (0, 1)→ R. Which of the following

is true?

Let M ∈ N, if fn(x) ≥ 0 for any x ∈ (0, 1) and for any n ≤M , then

lim inf
n→∞

∫ 1

0

fn(x)dx ≥
∫ 1

0

lim inf
n→∞

fn(x)dx

Let c ∈ R, if fn(x) ≤ c for any x ∈ (0, 1) and for any n ∈ N then

lim sup
n→∞

∫ 1

0

fn(x)dx ≤
∫ 1

0

lim sup
n→∞

fn(x)dx

If fn(x) ≤ 0 for any x ∈ (0, 1) and n ∈ N, then

lim inf
n→∞

∫ 1

0

fn(x)dx ≥
∫ 1

0

lim inf
n→∞

fn(x)dx

If fn(x) ≥ 0 for any x ∈ (0, 1) and n ∈ N, then

lim sup
n→∞

∫ 1

0

fn(x)dx ≤
∫ 1

0

lim sup
n→∞

fn(x)dx

Question 3 Consider fn(x) = x−1/31[0,1/n]. Then fn → 0

in L2 but not in L4.

in L4 but not in L∞.

in L∞.

in L1 but not in L2.

Question 4 Let us consider the following PDE

∂xu− u∂yu = 0 , (1)

for u : R2 → R. Assume that v, w solve (1). Which of the following statement is true?

For any v solution of (1) and any λ > 0, vλ(x, y) = λv(λx, y) solves (1).

For any v, w solutions of (1), v + w solves (1).

v(x, y) = x+ xy + y3 + x2y is a solution of (1).

For any v, w solutions of (1), v − w solves (1).
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Question 5 Let f(x) = x2e−x

2

, and denote with f̂(ξ) its Fourier Transform. Which of the following

statements is true?

limξ→±∞ f̂(ξ) = 1

f̂(ξ) ∈ L1 ∩ L∞

f̂(ξ) ∈ L2(R) but f̂(ξ) /∈ L1(R)

f̂(ξ) has compact support in R

Question 6 Let f, g ∈ L1(R) ∩ L2(R) be such that f̂(ξ) = |ξ|5/2e−|ξ|2/4, ĝ(ξ) = e−|ξ|
2/4. Which of the

following is true?

g /∈ S(R).

f ∗ g /∈ L∞(R)

f and g have compact support.

f /∈ S(R).

Question 7 Which of the following sets has in�nite outer measure?⋃∞
n=1

(
2n, 2

2n+1
2n

)
⋃∞
n=1

(
n− 3, (n−1)

3

n2

)
⋃∞
n=1

(
− cos2( 1n ), sin

2( 1n )
)⋃∞

n=1

(
− 1
n ,

1
n

)
Question 8 Let f ∈ C(R/Z) be a 1-periodic function and let {an}∞n=0, {bn}∞n=1 be its real Fourier

coe�cents, namely an = 2
∫ 1

0
f(x) cos(2πnx)dx, bn = 2

∫ 1

0
f(x) sin(2πnx)dx.

Assume that f(x+ 1/2) = −f(x) for all x. Which of the following is true?

a0 = 0 and a2m = b2m = 0 for all m = 1, 2, . . . .

None of the others is true.

a2m+1 = b2m+1 = 0 for all m = 1, 2, . . . .

an = bn = 0 for all n = 1, 2, . . . .

Question 9 Let f, g ∈ S(R) and f̂ , ĝ be their Fourier transform. Which of the following inequality is

true?

‖f ∗ g‖L2 ≤ ‖f̂‖L2‖ĝ‖L2

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L∞

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L2

‖f ∗ g‖L2 ≤ ‖f̂‖L∞‖ĝ‖L1

Question 10 Let f, g : R→ R such that f ≥ 0. Which of the following statements is true?

If f, g ∈ L2(R) then fg ∈ L2(R).

If f, g ∈ L1(R) then fg ∈ L1(R).

If f ∈ L3(R) then f3/2 ∈ L2(R).

If f ∈ L2(R) then f ∈ L1(R).
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Third part, open questions

Answer in the empty space below. Your answer should be carefully justi�ed, and all the steps of your

argument should be discussed in details. Leave the check-boxes empty, they are used for the grading.

Question 11: This question is worth 5 points.

0 1 2 3 4 5

Let A = (1,∞)× [0, π/2], n ∈ N and fn : A→ R de�ned as

fn(x, y) =
x+ cos(2y)

(x2 + 1 + y
n )

2
.

Compute limn→∞ fn(x, y) and show that

lim
n→∞

∫
A

fn(x, y)dx dy =
π

8
.
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Question 12: This question is worth 5 points.

0 1 2 3 4 5

Let f ∈ L1(R). Then, prove the following:

(a) (2 points).

lim
n→∞

∫ ∞
n

|f(x)|dx = 0 .

(b) (1 point).

lim inf
x→∞

|f(x)| = 0 .

(c) (2 points). There exists a function f ∈ L1(R) such that

lim sup
x→∞

|f(x)| =∞ .
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Question 13: This question is worth 5 points.

0 1 2 3 4 5

Consider two non-negative simple functions f, g : [0, 1] → R, namely f(x) =
∑N
i=1 ai1Ai

(x), g(x) =∑N
i=1 ci1Ci

(x) where N ∈ N and ai ≥ 0 , ci ≥ 0, Ci, Ai ⊂ [0, 1] are measurable sets for any i = 1, . . . , N .

We associate to f, g the two functions

F (x) =

N∑
i=1

ai1[0,m(Ai)](x), G(x) =

N∑
i=1

ci1[0,m(Ci)](x),

Prove the following:

(a) (3 points). ∫ 1

0

|f(x)|dx =

∫ 1

0

|F (x)|dx∫ 1

0

f(x)g(x)dx ≤
∫ 1

0

F (x)G(x)dx

(b) (2 points). Finally, for N =M = 1 and A1 ∩ C1 = ∅ prove that∫ 1

0

|F (x)−G(x)|dx ≤
∫ 1

0

|f(x)− g(x)|dx.
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Question 14: This question is worth 8 points.

0 1 2 3 4 5 6 7 8

Let {an}n∈Z be a sequence of real numbers such that
∑∞
n=−∞ |an| <∞ and de�ne ϕ(x) =

∑∞
n=−∞ ane

inx.

Consider the PDE 
∂tu = 2∂xxu+ u− ϕ (t, x) ∈ (0,∞)× (−π, π) ,
u(0, x) ≡ 0 for all x ∈ [−π, π)
u(t,−π) = u(t, π) for all t > 0 ,

(2)

(a) (1 point). Prove that the sequence {ϕN}N∈N de�ned as ϕN =
∑N
n=−N ane

inx is a Cauchy sequence in

C0[−π, π] and deduce that ϕ ∈ C0[−π, π].

(b) (3 points). Write u(t, x) =
∑∞
n=−∞ bn(t)e

inx and �nd from (2) an ODE satis�ed formally for bn(t) in

terms of an. Finally, compute explicitly bn(t).

(c) (4 points). Prove that the solution u found in the previous point is such that u, ∂tu, ∂xxu ∈ C0((0,∞)×
[−π, π)) and u solves (2) and that u(t, x)→ 0 as t→ 0+ uniformly in x.

Hint: Recall that the solution of ẏ = cy + d with c, d ∈ R and y(0) = 0 is y(t) = d
c [e

ct − 1] .
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Question 15: This question is worth 6 points.

0 1 2 3 4 5 6

Let f : R→ R be a 2π periodic function such that

f(x) = max{0, cos(x)}

Denote with {an} and {bn} the real Fourier coe�cients of f , i.e.

an =
1

π

∫ π

−π
f(x) cos(nx)dx, bn =

1

π

∫ π

−π
f(x) sin(nx)dx.

(a) (5 points). Compute the Fourier series of f

(b) (1 point). Compute the value of the series

∞∑
m=1

(−1)m

4m2 − 1
,

Hint: cos(A) cos(B) = 1
2 (cos(A+B) + cos(A−B)).
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Question 16: This question is worth 6 points.

0 1 2 3 4 5 6

(a) (2 points). Let g ∈ C∞c (R). Give a formula of ĝ(k)(ξ) in terms of ĝ(ξ) and prove it for k = 1, where

g(k) denote the k-th derivative.

(b) (4 points). Is there a non-zero function f ∈ S(R) such that∫
R
ξkf(ξ) dξ = 0 for every k ∈ N ?

Hint: for (b) consider g ∈ S(R) such that f = ĝ.
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