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Stokes' theorem and

orientations



The divergence theorem generalizes from 2D domains
-

tovolumes in a straight-formed manmer

Green's theorem generalizes fromdomains

tosurfaces , where we call it stokes' theorem

Importantconcept : orientation of surfaces



Let of ? IR" be a domain and

Theory
: 2 -> IR3 be a regular parametrization-

of some surface S

t

n

↳#↳· S
75

Gs

The parametrization determines anit normal direction

n = G X6/112sEGEll



The surface boundry &S is a corve &

Assume that I mups 22
onto 2S bijectively

Let J : (a .b) -> IR" be a Spiecewise) regular parametrization
of the bounday 22 in can orientation

(H)
# #

We obtain the parametrization of GS :

200 : [ab) -> IR3



stokestheorem Let the geometric setting be as above

Let F : IR3 -> R3 is a differentialle vector field

SJcFdo = Ed

S C

where S and I have orientation given by the parameterization I.

ScoreFondo = E . -d

S ↑ G T
surface unit normal

unit tungent vector

induced by parametrization in direction induced by parametrization



· The sin of the surface integral depends on which unit normal

we use
,
which in torn depends on the parametrization

· The sin of the boundary integral depends on the choice of
direction for C

,
which in turn depends an the panamatization

· For a fixed parametrization I, the signs match so that

stokes' theorem holds

For practical computations :

·
We can use my

other parametrization of the surface,

as long as it gives the same unit normal

& .....
-

- -----bounday curve
,

------ - -- & ... tungent direction



Trecup
S)
,
cureF . [d6 :=ScoreE(Est)

o Cost llGldt

= SSculFIEIst . (IsIE) d

b

LEm = F .M = [F(g) · (or)
C -



ExampleI The triangle surfaces is

X3
S = EEe(3)x ,

+x + x3 = 1
,
+3203

what is a parametrization of

z = & (5) EIR") S
,
t > 0

,
Set 13

* : 2 -> IR3

t (s .t) + (s .
t
,

1 - s - t)

Visually , we map and to X 1
and X2,* respectively, and map the origin to 10 1 0 . 1)



b = (10 , 4) 256 = (1
,
1
,
1)

G+ = (0 .
1
,
-1)

Hence
,= =()

We parameterize the bondy curve of GS in 3 pieces

The can parametrization
G of G2 gives a

->
V 23

parametrization of JS

Uz



2 : (0 . 1) -> IR3 -1 (r, 0 . 1 - r)

22 : (0 . 1) -> 13
,

V + (1 - V, r, 0)

Us : Co , 1-R? ~1- (0 , 1 -, r)

This is enough to capate the corre integrals along C = GS

Let's consider the rector field

F(x , (2 , (3) = (x ,
+ x2

,
x + x32 ,

x3 + xi)

We need the curl

cureF(x .. xn(s) = ( - 2x3 ,

- 2xx -2xz)

&



According to Stokes' theorem

SS
,
curred =F
T ↑

given by parametrization
We find the curve integral using the surface integral :

33
,

cureF . do = ScoreE(siti) · (G551s .
t) = Gest) dselt

= Jg - 20(1-s-t , sit) · (1 , 1 , 1) dods

=-2S ! S ins- + s + t doct = -29 dscht
=

- 1

Exercise : compute &F . T directly



More theory
-

can choose the orientation of the surface (that is, the

choice of unit normal) and the orientation of the

bornday (thatis
,
the choice of direction/unit tungent

such that Stokes' theorem holds without using a parametrization ?

h is in the

J direction of

9 x b

i
↓ b
2

If not , then

Ifn and I match like this
,
then Stokes' theorem holds .

Signs will

mismatch



Suppose you walk on the surface with your head in the direction

ofr .
We walk along the boonday such our left arm is

free
.

Then this gives the direction of the boundary
.

Along the bornday we check for which rector t we have

E = 5 = h
.

If it points into the surface , then the orientation

of S and 25 mutch.

So we have several geometric criteria to figure out whether

the orientations of S and &S match and stokes' theoremopplies



Moving on to the next example, suppose we have radial

coordinates

T
⑦

M
g I


