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Fourier series



Fourier series :

- Jean-Baptiste Joseph Forrier

- Muthematical tool to represent as soms

of sine and cosine modes

- Applications widely throughout engineering , signal processing,

physics , computer science, .



Introduction

Given a period T20 ,

for any non-negative integer n we have

cos() sin(*)
Y

↑
noth since mode

n-th cosine mode with period T
with period T

sin(2x) T = Cit

M 1
T--1πz 3 piI -

I

W I
-
sin(x)



Suppose
that N is a non-negative integer. Consider

f(x) = 1 + [c() + busin

We call this a Martial Forrier series
·

We call (an)nzo and (bu)n ,
the coefficients of the sum

· T is the period of this partial Forrier series

· dog is the average of f over (0 . 5).

This PartialForrier series is a finite som.

More generally ,
we study Forrier series as infinite soms.



A Forrier series with period T is an infinite sum of the form

f(x) = & + anc) + busi

Technically , the infinite some is a limit :

f(x) = a + lim [Nancos() + busin
Nu>D

· Again , Go/2 is the integral of f over (0 .T)

· The Forrier series is the limit (formally) over
the partial Forrier series

It is not immediately evident
,
whether the Forrier series

converses
for some given choice of amplitudes Canin and (buln



Erminology : A Forrier series that contains only cosine/sine

modes is called a Forrier cosine/sine series

Basic questions of Fornier series theory :

· Given do , d , 12,.... bisba,

does the corresponding Forrier series converge
?

· Given a periodic function/signal-f, can we represent
f as

a Fourier series and find do , d, 92
, ..... by by-



Examples
-

1) Suppose f
: IB-> IR has period T = 1 and satisfies

f(x) = X for 02X * /

:
&

-

2 - 1

This piecewise linear function is called 'sawtooth wave'

f(x) = k + [sin(n
*

ad
bu an = o



2) Square of since function
,

T = 2it

s
f(x) = sin 2(x)

f(x) = E - bcs(2x)
cosine series

bu = 0

T cos(2x) = cos()



3) Square wave with period T=

f(x) = 21 if 0xxx

- 1 if 2 * X

-
-

2 -- ↑
i

-
I I &

↑T1-
piecewise constant but with discontinuities



Forrier series

f(x)= Sin(2n(2n - 1) =)

= )sin(2+ x) + ↳sin(2+ 3x) + (sin(2+ Sz) + ...)

= [0 busin(ut

where
bu = En Woddeven

At the discontinuities
,

we observe the Gibb's phenomenon
I that is

, overshoot/ undershoot



4) Triangle wave with period 1

2x if 0 xk
f(x) = S 2(1 - x) if zx = /

:
- 1 =

Fourier series

f(x) = t
+ [co

T y cosine series
a di

hodd



du =
-

F
Godd

a
=
= 1 S n even

Remark : Typically, the Forrier series of a function converges

very fast
if the function is continuous
-

but if the function has discontinuities
,

then

the Gibb's phenomenon takes place.



5) Dirac comb/ pulse train

1 = [S
This is a "periodic" distribution with period T=

(14) = Eucz4(4)
Forrier series :

A
,
= + [2cos(zint

This equation is to be interpreted as follows

(5 ,, 4) =gy(dx + [02cot x



Remark : in some sense
,
we have got a very pronounced Gibb's

-

phenomenon in the Forrier series of the Dirac comb.

ComputingCoefficients of
Forrier series

Suppose f : R-IR has period T :

f(x + T) = f(x)

we would like to expressF as a Forrier series

We first review facts about the Forrier modes



Recall the following about since and coline functions

When n = 0 , then

Scos()2 = S x = T

When hi1
,

then

Scos()
*

x = Siz + Es(*) =

S- sin('dx = git-Ecos(
*) = Y2



More generally , we want to carpate

Sco S()dx
We have already computed the case m =n and both are either

since or cosine modes. We want to study m =n and mix sine/cosine.

we remember the angle com formulas :

sin(d + b) = Sin(a)cos(b) + cos(a) sin(R)

sin(a - B) = sin(a) cos(b) - cos(a) sin(h)

cos(a + b) =
cos(a)cos(b) - sin(a) sin(R)

cos(d - 1) = cos(a)cos(R) + sin() sin(R)



Onervation1 Add third and fourth angle som formula

cos(d + 1) + cos(a - b) = 2 cos(a)cos(b)

If m
,
n > 0 with Mth

Scos()cos(

= gcos)x) + cos)mn(x)d
since mth #O and m-h #0

= O



Observation 2 : I subtract third from fourth anylesor formula

cos(a - b) - cos(a + b) = 2 sin(a)sin(R)

If m
,
n = 0 with mth

,
then

g sin(*) sin(
*

)

= Stcos() - cos))d

I O



Observations : (add first and second ande som formula

sin(a + a) + sin(a - 1) = 2 sin()cos(R)

If m
, 10

with th

S. sin)mx) cos(t) a

= I sinhit) + sin)(x) dx

=O



To summarize
,

the cosine and sine modes satisfy the

orthogonality relations :

gisin()cos(
+)d = 0

S. cos("Ecos)
+)dx = Smint

S- sin(x) sin(Ick = Smin Te

where m
,
n = 0 are non-negative integers

,

not both zero,

and we have used the Kronecker delta

Smin : = 3 ! m



Remark: The Forrier since and cosine modes are an orthogonal

system with respect to the pairing

(f, g) : = S : f(x)g(x)dx

Analogous to how to hom the unit vectors e ,,
es, .... en

are an

outhogonal system to the Euclidean product

(x , y) = Gi:
In somevense ,

we generalize orthogonality from finite to infinite dimensions

We use the orthogonality condition to define the Forrier coefficients
of a function f(x) with period

T

.



Suppose F : IR- > IR with period T and integrable over (0 . T].

If I can be written as a Forrier series,

f(x) = a & an cos)) + busi

what happens when we integrate+ against a sine/cosine mode ?

Let M20 ,

and consider

g- f(x) cos()dx

+ [cos() +(c) + bi
cos(2x)dx



IfM = 0
,
this equals

gadx = do

If m > O
,
then this equals

Samcos(end = am

Lastly , if Mc
O and we integrate against the moth since mode

[F() sin*)dx
=sinbindx
~ um

= O

= bunSsin(ix) dx = bm



We this see
that integration against sine/cosine modes "extracts"

the coefficients of the Forrier series.

90= gf(x) ,

an= cos() , bu = End

Idea : The argument above has assomed thatf already can be written

as a Forrier series· Taking this as a point of inspiration,

given any
F : R + 1 with period T , we define its Ecourier coefficients

do ,
"

,

82
, ...,

bi
,
by .... using those integrals

We can then define the Fourier series of f using those coefficients

However
, the Forrier series might not always converge,

and even if it converges ,
the limit might be different from F-



We introduce some terminology/notation

Let F : /-IR with period
T and let dog , 92, .... by be ... be the

Fourier coefficients, computed by the integral formula above

Fourierseries FF(x) = 10+ancos busi

Partial Forrier F f(x) = &Nano busin
series

Forrier cosine Faf() = do+ ancos
series

Forrier since F
,
f() = [0busin

series



Examples
1) Samtooth wave F : - I with period T

= 1 and

f(x) = X
for 0xX)

We compute

90 = 2S ! f(x)dx = 2 Six = 1

an = Six cosck = 2) ! x cos(2nx) d

= 2)(x
- -= O
= O



bu= Six sin()
=
2 Six sin (2nx)dx

= 2)(n
↳

= 2 =


