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Exercise 1 Compute the line integral of the vector field F⃗ along the curve γ, where

F⃗ : R2 → R2, (x1, x2) 7→ (x2, 0), γ : [0, 2π] → R2, t 7→ (cos(t), sin(t))

Compute the line integral of the vector field G⃗ along the curve δ, where

G⃗ : R3 → R3, (x1, x2, x3) 7→ (2, 3,−1), δ : [0, 4] → R2, t 7→ (t2, cos(t), et)

Exercise 2 Compute the line integral of the vector field F⃗ along the curve γ, where

F⃗ : R2 → R2, (x1, x2) 7→ (ex1x2x2, e
x1x2x1)

and

γ : [0, 1] → R2, t 7→
(
arctan(cos(πt)2 − sin(πt)2), 1 + 2

√
1 + arctan(t)

)
Exercise 3 What is the length of the graph of the function g(x) = x

3
2 over the interval [0, 2]?

Simplify as much as reasonable.

Exercise 4 Take a look at the functions

f(x1, x2) = 1, g(x1, x2) = x2.

We have the following curves:

α : [0, 1] → R2, t 7→ (t, t),

β : [0, 2] → R2, t 7→

{
(t, 0) 0 ≤ t < 1,

(0, t− 1) 1 ≤ t ≤ 2,

γ : [0, 1] → R2, t 7→ (t2, t).

Compute: ∫
A
f dℓ,

∫
B
f dℓ,

∫
A
g dℓ,

∫
B
g dℓ,

∫
Γ
g dℓ.
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Exercise 5 We want to verify that the curve integrals do not depend on the direction of the
parameterization. Consider the curve parameterizations

γ+ : [0, 1] → R2, t 7→ (t, 1 +
1

2
t2), (1)

γ− : [0, 1] → R2, s 7→ (1− s, 1 +
1

2
(1− s)2), (2)

� Given the scalar field

f(x, y) = x(y − 1

2
x2) = xy − 1

2
x3,

show that ∫
γ+

f dl =

∫
γ−

f dl (3)

� Compute the tangent and unit tangent vectors of each curve, and show that γ̇+(t) = −γ̇−(1−
t). Show that the curve integrals along γ+ and γ− of the vector field

F (x, y) = (−y, x) (4)

are the negative of each other.

Exercise 6 Consider the open cube

Ω = (0, 1)2 =
{
(x, y) ∈ R2 : 0 < x, y < 1

}
.

� Show that Ω is convex.

� Let z ∈ Ω. Show that Ω is star-shaped with respect to z.

� Show that Ω is simply-connected.

For the last part, show that any two continuous curves with the same endpoints are homotopic
relative to endpoints.
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