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Fourier transform
(cont .)
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We can simplify this further :

=



Here
,
we have used

(a)
+ sin(i-cos(a)-sin -
=a) + sin() : - sta)+ sin(2)

:

Zi

= Zinc = since

In computing the integral , we used the antiderivative

of a caplex-valued function. Formally , we can also compute



Je-irtdt = cos(at) + sintat)

= (inat-
j
=

== (a)+

Both methods lead to the same result.



Example 2 Consider the signal f : IR-1R

-

f(t) = e
- 1t)

We compute the
T

=() =f()

=-it

=get-in e



=geta

We compute both separately .
On the one hand,

goet(-1-indt = [i
=limteatstitia
-
-> O

Analogously
,

we compute

joctid = (iia



= - himin

-
-> o

We thus combine :

F (a) = )+Fin)

=



Dirichlet Theorem

and Inverse Fourier transform

Recall the Dirichlet theorem for the Forrier series :

the original signal can
be rebrift from the Forrier series

Analogue fr the Forrier transform :

the original signal F(t) con
be reconstructed from F(a)

We use the immerse
Forrier transform



Inverse Forrier transform
+ x

+ (E)(t) = S E(a) eixt da

marks :

- Only difference between E and E" is the sign in the exponent

- As with
the Forrier transform, different authors define

the inverse
Fourier transfu in different ways, and

some authors will smitch the definition of the two·

The Forrier transform and the inverse Fornier transform

are connected by the



#Hirichlettheorem

Suppose that F : - > I is a continuous function.

If the Fourier transform exists for all frequencies &
,

then

for all t IR :

f(t)= (a) eint da

More generally , iff piecewise
continuous ,

then for all :

& tim f(t + h) + f(t
- h) = (a) eatda

h -> 0

Remarks : - completely analogors to the Dirichlet theorem
-

for the Fourier series.



- if F is continuous at t , then the inverse FT

reconstructs f (+)

- if insteadf has a joup
at t

,
then the inverse FT

reconstructs the average of the values of f to the left

and the right of the jump.

-

t I i
+

f (t , ) = E
" Ef)(+)v

him (th = (f)



Important properties of the FT

Linearity- If F
. g

: I -> It are signals and abelR,

then

E(af + by) = aF(f) + bE(y)

Enterpretation : If we apling the signd fl a
factor a

then the FT is amplified by the same factor

If we have the superposition of two signals,

then its FT is the superposition of the two FTs.



creatives : If F : M-> It is a differentiable signal,

then

E(f'((a) = i < E(f)(a)

Interpretation : Differentiation in the time representation of a signal

corresponds to multiplication by in in the

frequency representation of the signal.

This is a powerful tool for differential equations

If F : IR -> IR has derivatives up to
order m

,

then

J)f()(a) = (ia)
"

F(f)(a)



Mancherel : If F : R-IR is a signal, then

301d = Cold a

Interpretation : the original signal f(t)
and its Formier transform #(a)

have the some energy.



Modulation : If F :- ID is a signal and a
,
be IR with a t 0

then

g(+ ) = g-
ib +
f(at)

has the Forrier transform

(a) = ))

Interpretation :

If we stretch a signal ly a t0 ,

then the FT is spreezed

If we modulate a signally eibt , then the FT is shifted.



Forrier transform table

In what follows
,
let w > 0

E Flas=

T F(a)=Fa

f(t) = met) F() = Suotherwise
f(t) = ↓i()=3



f(t) = e
wi +
E f()=

f(t) = te
- wi +
F()=

f(t) = F() = ( - ())e
v()

f() = 31b (=be an

f(t) = Ge
a + if

(f()=otherwise



f(t) =
Se

- wt if bat

otherwise

E F()=tibe-coil
i

f(t) = Se
- iw +

if b+

g otherwise

= F(a) = it w+b-ewts
e



Remarks : - Even though we have the FT for signals
-

F : - > R
,

we can use the same formulas

for complex-valued signals F : IR - I

Any piecewise continuous signal can be written as the

som of its pieces ,
and therefore the FT of that

signal will be the sum of the FT of end piece.



Applications of

Fourier Analysis

Major area of applications : differential
equations

,

in particular : Poisson problem



Outline ofRoisson problem

Suppose I =
(a . b) is an open

interval

The Poissonproblem asks for a twice-differentiable

function : [ab] -> ID satisfying

- Au = f

for some function f : [arb) -> IR.

We call f right thand side or sourcetem/ourcefunction



We studyrichlet boundaryconditions

u(b) = ybu(a) = ga +

for some go , ggt IR.

Reminder of notation

- Au(x) = - u"(x) = G +2xy(x) = G2xu(x)

More generally , the right-hand side can be a distribution

and the devivatives u" are taken in the cense of

distributions.



Physical background of Poisson problem

suppose we study the diffusion of heat over some 1D range.

The change of heat will be

Gyu(x , +) = G +bxz(x ,+) + f(x , t)

T
y ↑ heat production/consumption

the rate of change second x-derivative at position-time(X , t)
of the heat at

of en at position-time
position-time (xit) (X ,t)

where U(X ,t) is the density of the heat at position x
and time to



source term : positive source term

--
Diffusion : heat fills up

sinks and leaves heights

u0 The influence of the diffusion
will be proportional to

: the downward/upward
-

curvatureull of the

u O graph

I
--
-



Suppose that the heat source/sink F does not depend on

time but only on the position X.

suppose , we fix the temperature at the endpoints

u(a , + ) = ga ,

ulbit) = gb + 0

Over time , the heat diffusion will lead to a steady state
that does not depend on time. Then

, Get = 0

The stead state solution satisfies

0 = u" + f

3.
Poisson problem
with

u(a) = ga
x(b) = yb

Dirichlet boundary conditions.



We study the Poisson problem with Dirichlet bounday conditions ,

also calledrichlet boundaryvalue problem :

Find 2 : (a .b) -> IR such that

- Au(x) = f(x)

u(a) = ga,
u(b) = yb

Exact solution methods : Green's functions

Fourier series
-

Forriertransform

Approximate solution methods : finite differences
finite element methods



Superpositionprinciple suppose we have solutions to the

Dirichlet body value problems
-S = E

1 st E (a) = Ja, (b) = Tb

2nd - si = I

i(a) = ga, zi(b) = gb

over the same interval [ab] not with different data

↑a.jb , ja , jb



Then we have a solution to another Dirichlet boundary value

problem :

-A(u + i) = ( + =)
~ im

F
Zu

(2 + z)(a) = Ga + ya , ( + 2)(b)=
zu un zn

U
U za Gb

Wesee thatie satisfies the Dirichletboundary value problem
with data f and ga , gb.


