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Analysis III - 203 (a) Correction
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Note : For exercise 1 and 2, the correction will follow the steps described in the
hint of Series 5.

Exercise 1 (Ex 4.1 and Ex 4.2 page 41).

1. Step 1. We find

R, OF
rOtF—E aiy— Z.

We now switch to polar coordinates x = rcosf, y = rsinf. For polar
coordinates the Jacobian of the transformation is equal to r. Then

1 27
// rot F' dxdy = / / (=rcosf)r drdf = 0.
Q 0o Jo

Step 2. Let’s evaluate faﬂ F - dl. Let 09 be parametrized for ~ () =
(cosB,sin6),

27
/ F-dl = / (cos@sinf,sin6) - (—sin b, cos 0) df
a0 0
27
= / (— cos 0sin® 0 + cos 0 sin? 9) df = 0.
0

2. Step 1. We find
oF, O0F;

dx dy

Switching to polar coordinates we end up with

1 2
// rot F dedy = / / (=1)r drdf = —3m.
Q o Jo

Step 2. Let’s evaluate f o0 '+ dl. We split €2 in two curves and have

/F-dl= F-dl—/ F-dl
o0 To I

Ty = {7 (0) = (2cosb,2sinb) : 6 € [0,27]}
Py = {3 (6) = (cos0,sin6) : 0 € [0, 2n]}
One finds that

rot F' = =—1..

with

2
/ F-dl = / (2cos@ + 2sin @, 4sin? ) - (—2sin 6,2 cos ) df = —4n
To 0



2m
/ F-dl = / (cosf + sin6,sin6) - (—sin 6, cos0) df = —.
I, 0

As a consequence we obtain

/F-dl:/F~dl—/ F-dl = —-3m.
o0 To ]

Exercise 2 (Ex 4.4i and Ex 4.5 page 42).

1. Step 1. For the calculation of [, rot Fdxdy we find

OF, O0F, 5,
tF = —— — = .
ro oz Y 5 +y

We redefine A in polar coordinates
A={(z,y) eR* 1z =rcosh,y=1+rsinb,0 € [0,27],7 € (0,1)}.

This leads to

1 27
// rot I’ dxdy:/ / [(rcos6)® + (rsing +1)*]r drdf = 37”
A 0 0

Step 2. For the calculation of fBA F - dl we find 0A is parametrized for

9A = {(z,y)R* 1z = cosb,y = 1 +sinf,0 € [0,27]}

S0
2m
F.dl = / (— (1 +sin0)cos®d, (1 +sinf)® cosh) - (—sind, cos) do
0A 0
o
o2

2. Step 1. We find rot F = —z and split A in
Ay ={(z,y) eR?*: 22 —4 <y <2}

Ay = {(z,y) e R* : 2% +¢* > 1}

// rot F' dxedy = // rot F' dzdy + // rot F' dxdy.
A Ay Az
1 27
- // rot F' dxdy = / / (rcos@)r drdd =0
A o Jo

it follows

We get



and

V6 2
// rot F' dxdy = / / (—x) dzdy
Al 7\/6 ZE274

V6 A7V
:/ —$(6—$2)d$dy=|:—3$2+:| =0.
-6 4 V6

So [[,rot F dxdy = 0.
Step 2. For the calculation of f oa '+ dl we define the boundary of A as
the union of the curves (see picture for better visualization)

Ty = {a(t) = (-t,2)t e (~V6,V6) }

Fl{ﬂ(t) = (t,t? —4)te (—\/6, \/6) }
'y = {7 (t) = (cost,sint)t € (0,2m)}.

We proceed with the calculation

NG
F-dl:/ (=2t,8) - (~1,0)dt = []5_ =0
To -6 N

G V6
/ F~dl:/ (t(t2—4),t2—4)~(1,2t)dt:/ 3t (12 —4)dt =0
I -6 NG

2m
F-dl = —/ (costsint,sint) - (—sint,cost) dt = 0.
- 0

so the final result is

/ F~dl=/ F~dl+/ F-dl+ F.dl=0.
0A 1) I —I'

Exercise 3 (Ex 4.3 page 42).
Before carrying on with the exercise, it is useful to observe that

Q={(z,y) eR*0<z<land0<y<1-z}

1. We find Af (z,y) = i g%’; = e”, which leads to

oz?

Jfiarasy= [ [ ety = 2oy e -2



2. The calculation can be carried in two ways.

(a) Using the Divergence theorem: we find

/E)Q(Vf)~ydl:/£)V.(Vf):/S]Afdxdy:efg.

(b) Ezplicit calculation: observe 0} =Ty UT; UT2 with

Lo :{'70 (t) = (t,O),tG [071}} = ||70 H2:1 = V= (0’_1)

L= fn () = (61-0,t 01} = I lP=2 = v= (5 )
F2:{’72(t):(0’1_t)’t€ [071]} :>||'72 ||2:1 = V:(_LO)'

We calculate V f = (1, e*) and make the observation Vf-v = df/0v.
It follows that

o g = /1 (e',1)-(0,-1)dt = —1
0

To 31/

/Fl gdz _ /01 (') - <\2\}§> VBt — ¢

1
/p2 g%dl - /0 (1,1) - (-1,0)dt = -1

= (Vf)-vdl=e—2.
0

Exercise 4 (Ex 4.9i page 43).
After calculating rot F = 2, rot G; = rot Go = 1, we can use Green’s theorem
to show that

1 1
Area(Q):// dmdy://§rothxdy:§/ F-dl
Q Q o0

:// rot G1 dxdy = Gq-dl = Go - dl.
Q Ele) oQ



