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CHAPTER 3 : SURFACE INTEGRALS
, DIVERGENCE

THEOREM AND STOKES THEOREM

Recallsand preliminary notations

3 . 1
.
1 change of voibles in an integral with several reliables

let f : R"- # be aontinue bounded function defined by

fix = f(x1 . X2 , ...,
Xn) .

Let ct" on open domain.

A change of voriables is described by a bijative function I

defined by : u = 1 -> M(r) cam

(Y1 , Y2 ,
... yn) > M(Y1 - - -

, Yn) = (X 1, .
. .

, Xn)



we express the
old veriables (x1

, ...,x2) as a function of the
new ones (ye. --- , Yn)

* = Mr ( y1
,

- - - , Dn)

X z = M2 (y1 , --- , Yn)

--

Xn = Mn(y
, 1 . - -

, Yn)

M is defined such that :

*us
=
de-

toyouI : I
uw ...



The forml for changing veribbles in an intege is :

SS -- -Jfax, ....
xn] dixdxz ...

-dyo

=f -- . Sure
,

fincy -... yu) Il det Dulu)11dy , dyz-- - dyn

Example 1 : cylindrical coordinates

old veriables (X1
, X2

, X3) : Cortesion words. in 13

New veriables (41 , 42 , 43) = (40 . 7) : cylindrical words in 13



X, =M
, (r ,

0,
z) = roso v > o

xz = My (r , 0 , z) = Using Ofto , Iit]

Xz = My (r ,
0

,
7) = zi

det Du (r,0 , 7) -a
000-rsino O

= det I fing reso O ( = ~ Idetu(r .0 , 7) I = r

8 & f
r >o
-I



/Jefx , X2 , X3) dx ,dxudus = (f) fcrco , usino ,z rdrdoda

#f f = 1
,
v = S(X1 , X2 , Xs) [13 : Xi +Xc[R2 and Xz -50 , h]]

(Sefdx ,dedx == X3

Example 2 :

old verides (X ., X2 , Xs)

New verdles (r ,
0

, 4) .-= rsimc co

*c = Using sing

X3 = ray



def M(r ,
0 ,4) = - rising

I det Ducro , y)) = r' sing

- uso
, get ,TJ)

Standards = --- (Jumfasr . 0 ,1) rising drdedo

f = 1
,

m= ((X1 , x2,
X3)E# : XP + x2 + x3 < R24 tran

Sufdxdxdz : I did=



↳Surfaces
in.

e) for e function f:t-
3

we denote

faxys = If ex, b) , f2x+ > , f
>

ex,+)]

b) for e function g(x,g) , we devote

& Sx , y,
· Definition 1 :

I c is called a regular surface if :
-

e) There exists ACK" ,
a banded open domain , s . t ., IA



is apiecewise) closed regular simple cre.

b) There exists e function 0:-R3
(iv) +oCMU) = (E(Mir) ,

oCa ,
r),

53(M
,v)

that satisfies :

· Je C'C ,RS ; FCA) = I is injective over A
.

· the rector Juxto losu
5 Of o

is s.
t . I FuxFull EO F (Mr -A.



· Remenus .

1) O is a parameterization of I

2) Juxor (G=On,) is the normed to

the surface. V(M , v)= is the mit normal.aXo l
v =
constant

&
X3

3) Illustration

more



4) Anology with comes in R3

curve I surface I
-

· v : Tab]cR-TCR3 O : ECR"-ECR3

+ 1- VH) (e) -> Oceiv)

· USTa ,b]) = 5 end injective · OCA) =E and injective

cover [a , bl) over A.

· IIU'Ct)1) to · IIOuXFll to

cron-roll target rectors I crow-roll normal rector)

· de = IV'Hildt · da = /Ou XOvlIdend



· Definition 2 :

me say that ICIS isaecoise regular surface if

7) regular surfaces In ,
Ze

,
---

, Er ,
s . t . =Zi

: Example 1 : Sphere of radius ↑ corange peel)

= = < (X , Y . 7) ERS : x + y2 +z2 = R3)

Parameterization : we define A = J0 . InTT X JO , TTE

5: -> E

l 10,4)+> +10 , 4) = 10 " 10 .4) ,
0210 .4) ,

53(0
, 4)) = (Rsingaso , Rsine sino

, Rcal)

. o



Normal

Joxe = El afterI
beture .

- R sinsing Rsing soIe coso

22 : ) = ↓Rossing
-Using

= - (R sin
?Yest ,
Rsine sinc ,Rsing way)

= -Rsing (Rsing cost , Using sino , Rose
--usingwa 510 , 4)



· Example 2 : Cylinde (2 = 1
,
h= 1)

[ = ((X , Y , 7) ->R3 : X **y" = 1 and 02711]

A = 10 , In I X Jo , It

10 . 71 - - (10) = (10 ,
sino , 2)-es

&

22 23

To x5z = -sino wo oI O 1
I

~
(o)

vox is extende as



Example 3 : Cone of ongle The
Z z = ((X , 4 ,

z)ER3

z2 =X + 42 and 02717 .

&o

A = Jo ,
Int X Jo , 15

0:-

y 10.7) - - (EcsO , 7 Sino , z)
7 cos

Torx=in so 23

I I 7 sino I
X coso sino

DZ

0 =0 i
·=

(2)



· Example 4 : symmetric perdoloid (glass of wire
2/ (X, 4 ,z) -3 : E = X & + y2 and 0711]

DZ
Jz

X = 0 -> z = y
?

za& r->Y

~
5(0 ,

7) = (Ec20 , Esino , z) 350p


