
CHAPTER4 : Fourier series

Introduction

~imotivationes povides a representation of a function : fith
infinitely differentiable as a som of monomics

:

f(x)=x where du) are the confficiatis

of Taylor around X
= 0.

Example : f(x)
= e*=x



·ierseiss : approximate excedic function a
on infinite son of sines and corne.

Problem : given f :Rttt a T-periodic,

can we write
f(x)=ancs) +basix)

an
,
but ?

Answer : YES !If we impose
certain conditions to f



Recallsand preliminary results

· Reall 1 : A function f:->H is T-periodic if there exist

To s . t · f(x +T) = f(x) xeR
·

Tis theseid of f

Examples : Nu(x)
= cs (Ex) or Un = sin(x)

re -periodic for neN
* (N= 31 , 2 , 3 , ... 2)

Mu(X+ ) = x(z(x + )) = c(x
+ 2π)

= cos(x) = Mu(x)

The some for Un

sinx

x#
sinx is zith-priodic -

ne BP 2T



· Recell 2 : A function f :-thisherwise defined
cor simply piecewise) if it has a finite number of
discontinuities over every bonded

internet . and if of each

discontinuity x the limits :

limfit) = f(x + o) limfit) = f(x - o)and

t-x t-x

t >X tX

exist and are bonded (finitel ;

↳



· Realt 1 : let m
. n EN

* end To then :

9)(x)Ex) dy

=n (x) Sindx =1
b)"sin(x))x)dx

= 0

Proof : for the sere ofimplicity
T = It

a) I= / (x)comx(dx = s((-m)x)dx
usa cosb = &) 0x(a - b) + c(a +

b))b +Scrmix)d



entm)x
-

=0 (because ufm) -

If n =m-
=scoxidx=

Fr=a)



=W vinaceb = (Sinca-b) + sincetb))

b) k= f
.

sincuxcmx)dx= on (cu-msx) + vinfmx)

-nemmx%-
=

If n=m
k=)di(tm)x-

= O



· Result 2 : Let f : -> IR a 5-perodic function

Them :

atfadx="faxdx , vaeth

N
it+

Prof :

1atxidx+xx + 1 x



Lattadflytidyf is T-penodic

1 at dx=fixidy,



Forceseries of a periodic function

4 . 2 .1 Definitions :
let f : -R be a T-pesodic piecewise -defined function

# neN, theential Forier series off and neN is

# f(x) = Janx) + busin(x)
wherehand be one denoted as Fourier coefficients of f.

and one given by

an=f(x)x) by mo, .. . . - , N

bu= / f(x sin(x) dx
n = 1 , 2, ..., N .



we cellvieseses of f to the limit

lim Fr f(x)↑ f(x)

=Jenc) +bsix)
when the limit existss.-

what is the relationship betwen Ffoxs and fix) ?

2. 2 Heuristic jortification of the definition

For save the simplicity T= It .

Then

↑ f(x) = (ancsnx) + busines



an = 1 f(xce(nx) dy , bu =f(x sinsuxsdx-

·danc(ux + b siux) a

f(x) = Ff(x)

=>duxx
= To+

=

as ITex dx



·x((kx)dxancsux + besiux)) Cox

KeN
*

Ff(x) = fix)

=aiuxdxxcx-- -

Th if k= nSo if ken

= an- > ar=x(xdx for -N

·f(x) sinx = --- - = br -> be=x coxdy

for Ke ANY



-
4 . 2 .

3

Forierseves conversena eup between Fful and fix?Questions

· When is it possible to represent a T-pesodic
function

ason infinite com of cs(x) and sin(Ex)

whichoe -perodic?

Answer : Dirichlet theorem
-

let f : R+ th be a T-periodic
is piecewise defined

then :
Ff(x) = li FNf(x)

exists . VxcRad a

Ff(x) = f) f(x +) + f(x-)



In particular , if f is continuous in x , then

f (x +o) = f(x -o) = f(x) and Ff(x) = f(x)

· comment : for T-periodic functions satisfying the hyphoteris of

Dirichlet theorem we can write

& (f(x +o) + f(x -a) =@ecx) + busin(x)]
or in other words , f can be represented as ecopaposition

of Mr = as (EX) and in = sin (Ex)
that

constitute a basis.


