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Exercise 4.

1. Dy is the triangle with vertices (0,0), (0,1), and (1,0). We can parame-
terize it as Dy = {(z,y) e R? 1z € [0,1], y € [0,1 — 2]} .
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2. To parameterize D5, we use polar coordinates, + = rcosf and y = rsinf,
with 6 € [0,27] and r € [0,2(1 + cos 8)]. Indeed, observe that

O§x2+y2§2<z+ r2+y2)<:>0§r§2(1+0039).

Recall that for polar coordinates, the Jacobian is r.
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3. Finally, D3y = {(2,y,2) eR*: 2 € [0,1],y € [0,1 — ], z € [0,1 — y?] }.
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Exercise 5.
For the two domains D; and Ds, we use cylindrical coordinates x = rcos#,
y=rsinf, and z = z.

1. The paraboloid, obtained by rotating around the Oz axis of the curve
z = r2, intersects the sphere, obtained by rotating around the Oz axis of
the curve r2+2%2 = 1, when 224+ 2—1 =0 and z > 0, hence at z* = @
The domain D = P U B is therefore composed of a piece of paraboloid
and a piece of sphere

P ={(rcosf,rsind,z) € R3:2¢€0,2%], 0 €0,2n], r € [0,vz]},
B = {(rcos@msin&z) ER?:z€[251],0€(0,2n),r € {0,\/1 —22]}.

Its volume is given by

Volume(D;) = Volume(P) + Volume(B) = // dzdydz + // dadydz
P B

\/:271 27 Vz 1 2 1—22
—/dz/dﬂ/rdr—i—/dz/dG / rdr
0 0 0 V51 0 0
2
o 1 )
z 1—=z2 5t
s [ o -
7T/ 2dz—|— 7r/ dz 12 3—-v5
0 V-1

2. For the domain D-, the condition 2 + y? < 1 translates to 0 < r < 1.
The two conditions > 0 and y > 0 translate to 0 < 6 < 7/2. The last



conditions z > 0 and z4+y+2 < V2 become 0 < 2z < /2 —1rcosf —rsin6.
Note, however, that for all 0 < r < 1 and 0 < § < 7/2, the quantity
V2 —7rcos —rsinf > 0, with equality if and only if r = 1 and 0 = 7/4.
Thus,

Dy = {(rcos@,rsin&z) eER?:rc0,1],0€[0,7/2], z € [07\/5—1"0089—7“51110}}.

Its volume is given by
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