
Algèbre Linéaire (S. Basterrechea) Sections GC, SC, SIE

Série 14

Keywords: Singular value decomposition.

Reminder: Singular values.
The singular values of A ∈ Mm×n are defined by σi =

√
λi where λi are the

eigenvalues (always positive) of ATA. We always have

σi = ||Av⃗i||, where v⃗i is a unit eigenvector of ATA.

Reminder: Singular value decomposition.
A matrix A ∈ Mm×n of rank k can always be written as A = UΣV T with

� Σ ∈ Mm×n is the matrix of the singular values of A:

Σ =

(
D 0
0 0

)
∈ Mm×n, with D =

σ1 0
. . .

0 σk

 , σ1 ≥ · · · ≥ σk > 0,

where σi are the non-zero singular values of A.

� V =
(
v⃗1 . . . v⃗n

)
∈ Mn×n is the orthogonal matrix of the eigenvectors

of ATA, ordered according to the decreasing order of its eigenvalues.

� U =
(
Av⃗1 . . . Av⃗k u⃗k+1 . . . u⃗m

)
∈ Mm×m is the orthogonal matrix

of the image of the eigenvectors of ATA, completed, if necessary (when
k < m), to a basis of Rm with unit vectors.

Question 1 Let A be a matrix of size m× n.

a) Show that KerA = Ker(ATA).

b) Show that ATA is invertible if and only if the columns of A are linearly
independent.

Question 2 Find the singular value decomposition of the matrices

A =

(
2 0
0 0

)
, B =

−3 1
6 −2
6 −2

 C =

 2 0
1 1
−1 1

 .
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Question 3 Let A be a matrix, and let w⃗1, w⃗2 be two eigenvectors of the
matrix ATA, such that

w⃗1 =


1
−1
0
0

 , w⃗2 =


1
1
1
0

 , Aw⃗1 =

(
2
−1

)
, Aw⃗2 =

(
1
2

)
.

Use this information to find matrices U,Σ, and V such that A has a singular
value decomposition of the form

A = UΣV T .

Suggested approach:

� First deduce the sizes of the matrices A, U , Σ, and V ;

� Normalize the vectors w⃗1 and w⃗2 to obtain v⃗1 and v⃗2;

� Compute Av⃗1 and Av⃗2;

� Compute the singular values and define Σ;

� Complete v⃗1 and v⃗2 to form a basis of R4 and ensure it is an orthonormal
basis using the orthogonal complement method;

� Define V using v⃗1, v⃗2, v⃗3, v⃗4;

� Normalize Av⃗1 and Av⃗2 and use them to define U .
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