EXERCISE SHEET 5 SOLUTIONS

Analysis II-MATH-106 (en) EPFL
Spring Semester 2024-2025
March 17, 2025

1. The tangent plane to the graph of f at the point (xg,yo, 20), with zo = f(x0, o), is given by

{(@.2) € B2 = fta0.0) + Zan, o) o =00+ E o)y = o) |-

0 d
To that end, we compute —f(a;,y) = 32%y + 2z and —f(ac,y) = 23 + 2y. Now observe that

oz y
f(1,1) =3, ?(1, 1) =5 and ?(1, 1) = 3 such that the equation for the tangent plane at
£ Y

(x0,%0) = (1,1) becomes

z2=345(x—-1)+3(y—1) & bxr+3y—z=5.

2. Define the function f : R? — R as follows:
z,y,2) = —2cos(mz) + 22y + 3% + yz — 23.
f(z.y,2) y y
Then, f(3,2,0) = 0. Besides, we have

af _ : Tz % _ 2 g _ Tz
o (z,y,2) = —27sin(mx) + 2xy + 3ze**, 3y (x,y,2) ="+ 2, 92 (z,y,2) = 3ze™ +y.
Therefore,
£(3,2,0) + %(3,2,0)($ —-3)+ 2—5(3,2,0)(3/ —-2)+ 2—5(3,2,0)2’ =12(x —3)+9(y — 2) + 11=.

This means that the equation for the tangent plane at (3,2,0) is

122 4+ 9y + 112 = 54.

T 2
G0 =~ Gt = 5 w0 = (—5 + ) Flot) = Gt
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(b) By the product rule and the result in (a) we get

0 0? 0?
8_i(x7y7t) - 8—55(%%75) - 8_y‘g(x7y7t) -

2 2
SO 00) + F@ % (0.0~ G @ 0f0t) = S G (0.8) =

2 2
1) (G0 - 200 + 100 (G @0 - Shewn) =0

4. For (z,y) # (0,0) the partial derivatives are

af 0 2 —y? B 4zyy? 2 — 2
3.0 =5\ s =Ty 5Ty

Ox ) 2 +y z? +y?) 2 +y?7
g(x )_2 i 22— 2 . —4z2y +mm2_y2_ 4By - 22y
ay o T e\ ry2) T y(x2+y2)2 22+y? (22 +y2)2 22+ o2
For (z,y) = (0,0), we use the definition:
af(o 0) = lim f(0,0) = /0.0 _ 00 =0,
Ox h—0 h h—0
1 = lim —— =
y 9y 00 = I h hso  h 0
To calculate the second (mixed) partial derivatives at (0,0) we use the definition again:
9 (?) 97(0,h) — 91(0,0) 0 (=h) — 0
i 5 -k 72 — iy YTV
oy (0,0) = hli% h hlg%) h hl—rf%) h
of
a<a_y)(0 0) = lim i(h’O) (O 0 1m—h_0—1
ox T RS0 h Ch—0 h
We observe that
0 0,
8<8_£) (0,0) # ’ <8_£> (0,0)
Oy ’ Ox ’
For (z,y) # (0,0),
0
9 (6%) (2,7) 122292 8312 9+ 1 — 212 227 9
o y @2+ 422 " (@2 + ¢2)3 212 " (22 +y2)2
exists and
2(%) 2° 2(%)
. y _ AT oy . dy
im0 = i (1- 37 ) = fim(-0 = -1 41 = =00
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Thus, ag@

is not continuous at 0. In fact

9 (8 )
. Y .
— = -1
lim (2,0)=lim 1 =1# —1,

o (8L
So the limit lim (ay)

(2.9)—>(0,0) O (z,y) does not exist.

5.
of _ v of _ e
%(x,y) =e"siny and 3y (z,y) = €* cosy,
thus we have
o*f T o*f o*f z o*f @
5.2 (%) = €"siny, axay(%y)— ay(():,:(fv,y)—e cosy  and a—yQ(x,y)——e siny.

Then the Hessian matrix of f is

Hess(f)(z, y) = (em siny e®cosy ) ‘

e’cosy —e’siny
If we denote its determinant by det(z,y), then we have
det(z,y) = —e**(siny)? — e**(cosy)? = —e**((siny)? + (cosy)?) = —e?*,

which does not depend on y, as it is a function only of .

6. i) The Taylor polynomial pa(z,y) of order 2 around the origin of function f(z,y) is given by

1 1
pa(,y) = £(0,0) + fz(0,0) & + f,,(0,0)y + 5 f2:(0,0) 2?4 f1,(0,0) zy + 5/ (0,0) Y.
Here, we have

f(:c,y):x2y+2zy+3y2—5a:+1,

folx,y) = 2wy +2y — 5, fi(z,y) = 2% + 2z + 6y,
v (T,Y) = 2y, oy (T, y) =20 + 2, wy(T,y) =6,

where

f(0,0) =1, falc(ovo) = -9, f;(0,0) =0, fa/c/x(ovo) =0, fa::/y(ovo) =2, fgl/ly(ovo) =6,

and therefore,

1 1
pg(x,y):1+(—5)-x+0-y+§-0-x2+2-my+§-6-y2:1—5:U+2xy+3y2.



4 EXERCISE SHEET 5 SOLUTIONS

the error d? - (z,y) must satisfy lim e(z,y) =0, where d = |(z,y) — (0,0)|| = /22 + y2.

(z,y)—0
Here we have

d* - e(z,y) = f(z,y) — p2(z,y) = 2%y + 22y + 3y> — 5z + 1 — (1 — 5z + 2zy + 3y?) = 2%y

with,
ENEC
0<le(z,y)| = < = [|(z, y)ll,
@ =T < g = 1@Vl

for all (z,y) # (0,0). Since lim [|(z,y)|| = 0, the squeeze theorem ensures that lim e(z,y) =
(z,y)—0 (z,y)—0
0. We conclude £(0,0) = 0.

ii) The Taylor polynomial ps(z,y, z) of order 2 around the origin of the function f(z,y,z) of
three variables is given by

pa(z,y,2) = £(0,0,0) + £,(0,0,0) z + £,(0,0,0)y + f.(0,0,0) z +
1 2 1 2 1 2
i " (0,0,0) 2% + 5J{;’y(o,o,o)y + §f;’z(0,0,0)z +

f;'y(O, 0,0)zy + f;’Z(O, 0,0)zz + f;'Z(O, 0,0)yz
Here we have

f(x,y,2) = e + ysinh(z),

fi(z,y,z) =€", fy(x,y, 2) = sinh(z), fl(x,y,z) = ycosh(z),
;’m(m,y,z) =e", é’y(aj’y’z) =0, gz(x’yv z) = ysinh(z),
oy (T,y,2) =0, v (T,y,2) =0, v2(T,y,2) = cosh(z),

where

f(07 07 0) = 17 fﬂl,'(()? 07 0) = 17 fé(()? 07 0) = 07 fZl’(07 07 0) = 07 f,/ (07 07 0) = 17

Trxr

fg,//y(oaoao) =0, f;’z(0,0,0) =0, falc,y(ovovo) =0= fglc/z(ovovo)v fg///z(ovovo) =1,

and therefore,

1 1 1
pg(x,y,z):1+1-:U-I—O-y-|—0-z+§-1-a:2+5-0-y2+§-0'z2+

O-2y+0-z2+1-yz

1
=1+x+§x2+yz.
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iii) We have

flay) = (cos(a) 7 = exp( (4 +sin(y)) In(cos(x)) )

1

Fi(@,y) = —(§ +sin(y)) (cos(z))™ ¥~ 2 sin(z),

folx,y) = In(cos(x)) (cos(z)) 7 +sin() cos(y) ,

where
T T S (T T V3 (T T V3
Ge)-2  £Ge--%  AGF--Tue
Thus
o =35 (:=5) =¥ o 1= )
LT ) - - Yy

iv) The partial derivatives of the function f(z,y, z) = e****¥ are

f;:(xayaz) = 2Z€2$Z+y7 f:l;(x7ya Z) = 62zz+y’ fé(ZE,y,Z) = 2$62$Z+y
fo(w,y,2) =422, [l (2,y, 2) = €27, fl(w,y, 2) = da? 2721
fg’c'y(a:,y, z) = 2z €255 Y, fr(z,y,2) = (2 + daz) , 1Y, fé’z(x, y, z) = 2 2% Y

and we have

f+(0,0,0) =0, £7(0,0,0) =1, £2(0,0,0) =0
gz(o,o,()) =0, é’y(0,0,0) =1, ;’Z(O,O,O) =0
f;ly(()?()?()) =0, fgz(oaovo) =2, fg///z(ovoao) =0

Thus the Taylor polynomial pa(x,y, z) of order 2 is

2
p2(fv,y,Z)=1+y+y7+2wZ-

1
Int

f/(t) = f(t) - ( . % -sint + In(Int) - cos t)

ine 1
— (lnt)smt_

1 .
R sint 4 (Int)*™In(Int - cost

: 1 .
= (lnt)smt_lz -sint + (Int)*™In(Int) - cost.
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_ i 2 .
O () = ~Coin? QCCINIT) g i e Cosins?
X xXr
and
— i 2 .

dy oy

(zsiny)?

siny cos y.



