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Exercise 1. Let f : R2 → R be a function with f(0, 0) = 0 such that for all α ∈ R and all β ∈ R
we have

lim
t→0

f(αt,βt) = 0.

Is f is continuous at (0, 0)? If yes, prove it, otherwise construct a counterexample.

Exercise 2. Let f : Rn → R be a continuous function. Show that for all c ∈ R :

(a) E = {x ∈ X : f(x) = c} is closed.

(b) F = {x ∈ X : f(x) ≤ c} is closed.

(c) G = {x ∈ X : f(x) < c} is open.

Exercise 3. Study continuity of following functions as a function of α > 0.

(a)

f(x, y) =

󰀻
󰁁󰀿

󰁁󰀽

x2α

x2 + y2
, if (x, y) ∕= 0

0, otherwise.

(b)

f(x, y) =

󰀻
󰀿

󰀽

xy

(x2 + y2)α
, if (x, y) ∕= 0

0 otherwise.

(Hint: use polar coordinates)

Exercise 4. Find:

lim
(x,y)→(0,0)

3
󰀃
x2 + y2

󰀄
󰁳

x2 + y2 + 4− 2

if it exists.

Exercise 5. Let f : R2 −→ R be the function given by

f(x, y) = x2 + y sinx+ y2 cos2 x.

Show that f is partially differentiable and give the gradient of f .
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Exercise 6. Let f : R2 −→ R be the function defined by

f(x, y) =

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

󰀃
x2 + y2

󰀄
sin

󰀣
1󰁳

x2 + y2

󰀤
if (x, y) ∕= (0, 0),

0 if (x, y) = (0, 0).

Show that f is differentiable at (0, 0).

Exercise 7. Let f : R2 → R be a function defined by

f(x, y) =

󰀻
󰁁󰀿

󰁁󰀽

x2y

x2 + y2
, (x, y) ∕= (0, 0)

0 , (x, y) = (0, 0).

(i) Show that f is continuous on R2.

(ii) Show that functions
∂f

∂x
and

∂f

∂y
are defined on R2.

(iii) Show that f is differentiable for all (x, y) ∕= (0, 0).

(iv) Show that f is not differentiable at (x, y) = (0, 0).

(v) Are the functions
∂f

∂x
and

∂f

∂y
continuous at (x, y) = (0, 0)?

Exercise 8. Give an example of a function f : R2 → R such that ∂f
∂x (0, 0) = 1 and ∂f

∂y (0, 0) = −1,

but is not differentiable at (0, 0).


