EXERCISE SHEET 10 SOLUTIONS

Analysis II-MATH-106 (en) EPFL
Spring Semester 2024-2025
April 28, 2025

i) The equations of the line between:
— (2,0) and (5,3)isy =2 —2
— (5,3) and (6,7) is y = 4o — 17
— (6,7) and (3,4)isy=z+1
— (3,4) and (2,0) isy =4z — 8
so these four lines define the parallelogram D. By applying the transformation x = %(v —
u), y= %(41} — u) to these lines, we get
—y=xr—2:v=-2
—y=4x —17: u=—-17
—y=z+1lv=1
—y=4xr— 8 u= -8

Now the Jacobian determinant of this trnasformation is
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Therefore, we have
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ii) Asin i), we first find the curves defining the region D and the we apply the transformation
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W =

Wk Wl

vu

r = -, ¥y = 2u to obtain:

—y=2ru=1
—zy=3v=9
—y=6:u=3

—zy=1Lv=3
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The Jacobian determinant is

Therefore, we have

3 9 3 9 213 219
3 ) 3 1 4/ / 4 wu )
TY XYy = —(2u)° |——|vu= = u vwvu=—-—| -—| =064.
//y'y/1/36u() sul ™Mo Y Y T 2, 2,
D
2.
YA y:4x
34
y=x
24
1 xy=2
xy=1
0 T T >
0 1 2 X
FIGURE 1 FIGURE 2

i) The domain D is represented in Fig. 1 (we choose it to be closed). For the change of

variables, we define the mapping H: D — D such that (u,v) = H(z,y) with

u=12?+y*=H(z,y)
v=2x?—y? = Hy(z,y)

and z,y > 0. It follows from the definition of D that D = [5,9] x [1,4]. Furthermore,
222 = u+v, 2% = u—v (hence expressions for x and y) and 42?y? = u? —v? > 2516 > 0.

The Jacobian matrix H is
8wH1(x7y) ayHl(x73/) 2z 2y
Ju(z,y) = =
0. H(v,y) O,Hr(z,y)) \2r —2y
and its determinant is det(Jp(z,y)) = —8zy < 0.

Let G = H™': D — D be the inverse transformation such that (z,) = G(u,v). For the

calculation of the integral, we need the determinant of the Jacobian of G which is

1 1

- - = |—— < 0.
det(JH(x,y))] (2.4)=Cu0) [ 8:vy] (z,y)=G(u,v)

det (Jg(u,v)) = [
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By applying the change of variables formula to the open D and 5, we find

// ?ytdedy = // 2?y? dz dy = // y—( - |det (Jg(u,v))| dudv
D u,v)
= // [33 —] dudv = = // du dv
82Y | (29)=C(u.w) =G(u)

1 u=9
= /(u —v?)du ) dv = — u3—uv2 dv
32/, \Us 32/, |3 s

1 4 93_53 1 4
= — —4? ) dv = — 151 — 3v?) d
321( 3 ”)” 24/1( V') dv

1 4390 65
= sl =57 =7
ii) The domain D (closed) is in the first quadrant (because x,y > 0) and is bounded by the
lines y = z and y = 4z and the curves zy = 1 and xy = 2 (cf. Fig. 2). It yields zy > 1 and
z,y > 0.
To calculate the integral we define the change of variable H: D — D, where (u,v) =

H(z,y) with

U= = Hi(z,y)

Ty
v % :HQ(‘Tay)

and z,y > 0. By the definition of D, D = [1,2] x [1,4]. The Jacobian matrix of H is
Oz Hy(z,y) OyHi(z,y) y T
azHZ(xay) 8yH2(l’,y) T2 oz

and its determinant is det(Jy(z,y)) = 2y/z >0 .

Let G = H™': D — D be the inverse transformation such that (z,y) = G(u,v). The

determinant of the Jacobian of GG is therefore
1

1
[det(JH(x,y)) 2.4

x 1
= = 99 T >
det (Jg (u,v)) [ 2y ] (,y)=C(u,v) TwT2d

> 0.

(z,y):G(u,’U)

because v = £. By applying the change of variables formula to the open D and 5, we find

1 Yo
// mQydedy:// a:2y2dxdy://iu2—dudv:/ (/ uz—du)dv
D E D 2U 1 1 2’1}
2/ — | ud dv:/ ZEdv
1 2’U 3 u=1 1 6U
4

iii) We will use polar coordinates. Define 2 = rcos(¢) and y = rsin(¢) with (r,¢) € D =
[1,2] x [m,3m/2], we obtain

é / vy’ du dy = é / (r cos ¢)(rsin ¢)°r dr do.

ol |l
\]
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The final r factor comes from the Jacobian determinant of the coordinates change. Hence

é/ zydedy = /12 (/:’Tf/? 1P sin® () cos() d¢) dr = /12 (,,i)i Sin4(¢>)) ‘Z:iﬂﬂ dr

then the new region in polar coordinates is given by the equations

<g<or

0<r<3.

Therefore, we have

// T’eryx—/ /'re rf =
V9—a? 3m

ii) Define x = rcosf, y = rsinf and since D = {(z,y) € R?: x,y > 0, 22 + y? < 2}, then the
new region in polar coordinates is D= {0,r):0<0< 3, 0<r< \/5} Then we have

V2 V2
//(4:Ey —TNxy = / / (4r% cos O sin @ — 7)rr = / / (473 cos O sin @ — 7r)rf
i o Jo o Jo
D

3 7 V2 3
4 . 2 .
:/ (7“ cosHst——r) 6:/ (4cosfsinfh —7)0
0 2 0 0
3 T

=2
2

n(e? — 1)
-

er’
2

w|=1

= (—2cos?f — 79)

i) We have

// /\/—xycos Xyz_// (Slnx>
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ii) Since E is the region below 4x+y+22z = 10 in the first octant, we have that 0 < z < 5—-2z—1,
and then 4x+y < 10 with z,y > 0, thus 0 < y < 10—4z, and then 4x < 10, thus 0 < z < g

Therefore, we have

2 r10-4z p5-22—%
2 2
///62 XYZ:/ / / 627zyx
A ' 0o Jo 0 ’

5 ,10-4x p5—22—Y 5_2x_y
SRV
0
10—4z
2/ (5—2x——> yX
o Jo 2

y 4)10—4z
= — 5—2x — = X
/0 ( 2) 0 .
5 5
2 1 3 625
= -2 =——(5—22)°|" = ==
/o (5 —2x)%x 10(5 x) 5

iii) Since F is the region bounded by x = 2y% 4+ 222 — 5 and x = 1, then 2% + 222 -5 <z < 1.
The intersection of these two curves is the circle 4% + 22 = 3, thus —v/3 — 22 <y < /3 — 22
and —/3 < z < /3. Therefore, we have

T
2y2+4+222-5
= 2/ / . z2)yzyz.
3— 22

At this point it is more convenient to use polar coordinates so we set y = rsinf, z = rcosf

and then we have

/// Yzxyz = 2/027r /0\/5(3 — r2)(rsin0)(r cos 0)rrf
E
= 2(/027T sin@cos&@) (/0\/5(37“3 _ 745)1:> —0,

) o . 2012
since foﬁsmecoswz %‘ T—0.

i) We set u =254 ¢ = 2, w = %. Equivalently, we have = u + v, y = 2v, z = 3w. Then

ox ox oy 0z
%_1 611_1’ %_2 8w:3

and all the other partial derivatives are 0. Then the Jacobian is

[
S N =
w O O
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with determinant 6. Thus we have

/;/;/;H(a:+§)xyz=/1/2/16(u+v+w)uw
—6//( +v+w>v\7_v:6/01(3+2w)w:24,

ii) We set u =z, v = xy, w = 3z, or equivalently, z = u, y = 2, z = ¥. Then the Jacobian is
1 0 0
v 1
@ ou Y
0 0 L
3
with determinant 7. Then we have

///xngyzxyz—/// ) wvw
L e ),

2log2

=2
+3

-g=2+log8.



