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Exam
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Answers

For the multiple choice questions, we give

43 points if your answer is correct,
0 points if you give no answer or more than one,

—1 if your answer is incorrect.

For the true/false questions, we give

+1 points if your answer is correct,
0 points if you give no answer or more than one,

—1 points if your answer is incorrect.



Part I: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly

one correct answer.

Question 1: Let f:R? — R be the function defined by
flzy) = zy® — 2?y.
T
Then the directional derivative of f at (2,1) in the direction of the vector v = (3 - é) is

Question 2: Let D be the subset of R? given by
D={(2,y,2) eR*:2>0,y>0,2>0,4do+2y+2<8}.

The volume of D is

m ([ )
(L )
L)
L))

Question 3: The solution y(z) of the differential equation

2
oy (@)
vy (@) = In(z) 4+ 1
1
on the interval (1,4o00) with initial condition y(e) = “In@) also satisfies
1
3y _
1
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Question 4: Let f: R? — R be the function defined by
f(l‘ y) _ emz+4x72y.

The second order Taylor polynomial for f around (0,0) is

[ ] pola,y) = 14 42 — 2y + 922 — dary + 242
[ ] pylz,y) = 14 42 — 2y + 1822 — 8zy + 432
[ ] polz,y) = 14 42 — 2y + 1822 — 16y + 492
- po(z,y) = 1+ dx — 2y + 92% — Szy + 2y>

Question 5: Let F': (0,400) — R be the function defined by

B tQ In(1 + tx)
F(t)—/l/txdx.

Then, for all £ > 0,

n 3 n
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(] Fit) = 3In(1 + %) ~ 2In(2)
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Question 6: Let
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:/ </ 36y 4d:c)dy.
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Then
[11=m@
[ ] 1=2m(2)
D I:% n(2)



Question 7: Let g : R — R? be the function defined by

9(x,y, 2)
and let f: R? — R be the function defined by
flu,v,w) = vow.
Then the composition h = f o g : R? — R satisfies
oh
L] =«
N

Oh 1 0.1y=0
[]

0z
[]

~1,0,1) =1

oh
0z
oh
0z

(-1,0,1) =2
(-1,0,1) = -1
Question 8: Let S be the surface

S ={(z,y,2) eR?: 3z +4y% —
and let z; € R be such that (—1,2, z,) € S. Then

- the equation of the tangent plane to S at the point
|:| the equation of the tangent plane to S at the point
|:| the equation of the tangent plane to S at the point

(_
(-
(_
|:| the equation of the tangent plane to S at the point (—

Question 9: Let f:R3 — R be the function defined by

(xy, Tz, yz)T

eZ:O}

1,2,2)) is3x +4y—2—5=0
1,2,2p) is 3 =2y —24+7=0
1,2,2)) is3x +2y —2—1=0

)

1,2,2z)) is 3z —4y —2+11 =0

flx,y,2) = 3z%e® + ye® + y22.

The equation f(x,y,z) = 3 implicitly defines a function z =

and f(z,y,9(z,y)) = 3 in a neighbourhood of (z,y) = (1,0).

Question 10: The subset

g(x,y) which satisfies g(1,0) =0
The value of g—Z(l, 0) is then

A={(z,y) eR*: 2 <land y <2’} CR?

|:| is not bounded and not closed
|:| is closed and bounded

|:| is bounded and not closed

- is closed and not bounded



Question 11: Let f:R? — R be the function defined by
flz,y) =e" Y —x 4.
Then
- the function f admits exactly one local minimum in R?
|:| the function f admits exactly one local maximum in R?
|:| the function f admits a stationary point in R? that is not a local extremum

D the function f does not have stationary points in R?

Question 12: Let D be the subset of R? given by
D={(z,y) eR*:1 <2 +y* <4, y>|z]}.

// ydx dy
D

Then the integral

equals
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Question 13: Let (an) be the sequence of elements in R? defined by

(-1)" '
a, = <n’ (—=1)", (—1)”n> , for all n € {1,2,3,...}.
Then

|:| the sequence has a bounded subsequence

|:| the sequence is bounded

|:| the sequence has a converging subsequence

- the limit lim a,, does not exist
n—oo

Question 14: Let f: RQ\{(O, O)} — R be the function defined by

2 2
_ y~sin®(x)
f(x7y)_ x4+y2 .
Then
lim  fz,y) = =
)00 Y T2
lim x,y) =0
(m,y)—>(0,0)f( 2

lim x,1) does not exist
(fvvy)—>(0,0)f( v) )

T
lim T,Y) = —
(z,y)—(0,0) f@.) 4



Question 15: Let f:R? — R be the function defined by
2

o) - ﬁ’yz if (2,y) # (0,0),

0 if (z,9) = (0,0).
Then

[ ] fis not continuous at (0,0)

0
[ ] 7 is continuous at (0,0), but —f(O, 0) does not exist

ox
of af

B / is continuous at (0,0), 6—(0,0) and 8—(0,0) exist, but f is not differentiable at (0,0)
Z Y

[ ] f is differentiable at (0, 0)

Question 16: The solution y(x) of the differential equation

!
y($)+ex+1

with initial condition y(1) = 0 also satisfies

y(r) = pE

Question 17: Let f:R? — R be the function defined by
f(a,y) = ay’
and let g(x,y) = 22 + 2 — 1. Then, under the constraint g(z,y) = 0, the maximal value of f is
] V3
8
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Question 18: The solution y(x) of the differential equation

y"(x) — 3y'(x) + 2y(z) = 22° — 2z
with initial conditions y(0) = 2 and y'(0) = 2 also satisfies

D y(l)—g—l—Ze

[ y(1) =52
W)-=5

[ ] y(1) =5+ 2 — 2¢2



Part II: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the

box FALSE if it is not always true (i.e., it is sometimes false).

Question 19: Let f:R? — R be a function of class C3. Then

o*f o*f

— = for all R3.

8x26y($7yvz) axayax(xvyaz)a or a (.%',y,Z)E
B TRUE [ ] FALSE

Question 20: Let A and B be two nonempty subsets of R?. Then the subset C defined by
C=AUB

is a closed subset of R2.

B TRUE [ ] FALSE

Question 21: Let f: R — (0,1) be a function such that %ir% f(t) =L >0, then
—

) 332 + y2
hm 77 2 . 9y = 0 .
(@y)—00) f(z°+y°)
B TRUE [ ] FALSE

Question 22: Let f: R?2 — R be a function of class C? and let @ € R? be a stationary point of f.

If the two eigenvalues of the Hessian matrix Hess;(a), A; and Ay, satisfy
AAy >0,

then a is a local extremum of f.

B TRUE [ ] FALSE

Question 23: Let f: R? — R be a function of class C* and let p; et p, be its first and second
order Taylor polynomials around (z,y,) = (0,0). If p, is the zero polynomial, then p, is also the

zero polynomial.

[ ] TRUE B rALSE

Question 24: Let f : R? — R be a function and let g : R? — R be defined by g(z,y) = (f(=, y))2
If f is not differentiable at (z,y) = (0,0), then ¢ is not differentiable at (z,y) = (0,0).

[ ] TRUE B rFALSE

Question 25: Let A = R3\{(0,0,0)}. Then the boundary 94 is the empty set.

[ ] TRUE B rALsE



Question 26: If f: R?2 — R is a function of class C?, then f admits a tangent plane at each point
of its graph.

B TRUE [ ] FALSE

Question 27: Let D; and D, be the subsets of R? given by
D, = {(xvyvz) eR3:a? 42 +22 < 4} and D, = {(q:,y,z) eR3: 22+ 2 +22< 9}.

If f:R3 — R is a continuous function, then
/// f(m,y,z)dxdydz</// f(z,y,2)dedydz.
Dl D2
[ ] TRUE B rALSE

Question 28: Let D be a nonempty, open, and bounded subset of R®. If f : D — R is a

continuous function, then f attains its global maximum on D.

[ ] TRUE B rALsSE



