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(Questions

For the multiple choice questions, we give

43 points if your answer is correct,
0 points if you give no answer or more than one,

—1 if your answer is incorrect.

For the true/false questions, we give

+1 points if your answer is correct,
0 points if you give no answer or more than one,

—1 points if your answer is incorrect.



Part I: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly

one correct answer.

Question 1: The limit

. 2|z|
im
(z.9)—(0,0) ° + |z| +y
|:| equals 2 |:| does not exist |:| equals 1 |:| equals 0

Question 2: Let f:R? = R and ¢ : R?> — R be the functions defined by
f(z,y) = 3z + 5y° et g(z,y) = 22 + 2y 4 22> — 13.
Then, under the constraint g(z,y) = 0,
|:| the function f attains its maximum at exactly one point
|:| the function f attains its maximum at (1, V2 )
|:| the function f attains its minimum at exactly two points

[ ] the minimum of the function f is positive

Question 3: Let f:R? — R be the function defined by
fz,y) =z |3y — %sin(x) cos(z)| .
Then

[ ] f is differentiable at (0,0), but is not differentiable at (m, 0)

of . of :
[] a—y(0,0) exists, but %(0,0) does not exist

[ ] fis of class C(R2)
|:| V£(0,0) exists, but f is not differentiable at (0,0)

Question 4: For a > 0, consider

D:{(:U,y,z)ERS:xZO, y>0,2>0 et 3:—|—y+z§a}.

// 22 dzdydz
D

Dgg Da— D%Tag’ DCL

Then, for all @ > 0, the integral

equals



Question 5: Consider

D:{(x,y)E]RQ::L“>O} and DI{(TNP) r >0, 906(77’5 }

For f: D — R, let f: D — R be the function defined by f(r, @) = f(rcos(p), rsin(y)).
Then for each function f : D — R of class CY(D), all (z,y) € D and all (r,¢) € D such that

2 = r cos(ip) and y = rsin((), one has
0 (5] +(5i00) = (en) + (Gien)
5 (o - (G o)
O (Zeo) + (L) = (Lew) +(Lww)

O (Leo) +resne (L) = (Lew) +(Lww)

Question 6: Given D = {(:U, y,2) ER3 1z #£ 0}, let u : D — R? be the function defined by

T
u(x,y,z) = (:L"2 +1+ Sin(yzQ), y)
x

Then the Jacobian matrix J,(1,0,1) is

(0 D(“) N

01
0 0

_= O N
— =N
o = O

I:l 2 10
010
Question 7: Let F': (1,4+00) — R be defined by
% G
F(t):/ sin(tz”)
t

—-1/2 €T
Then F'(2) equals

I:l sin(16) — %Sin(l) I:l Sin(16)4— sin(1)
[] \/i_ Lsin(16) + 1 Qﬂsin(l) [ ] sin(16)

Question 8: Given
D:{(az,y)ERQ:a}zO, y >0, x§y2§4},
let f: D — R be the function defined by
flay) = e,

Then the integral / f(z,y) dx dy equals
D

[0 5(* ) [(Jet -1 BEICED [Jet+1



Question 9:

The solution y(x) of the differential equation

(@®+1)y'(x) +y(z) =1

satisfying the initial condition y(0) = —3 also satisfies

[] y(tan(1))=1—4e™!
[] y(tan(1))=e — e~

|:| y(tan
L] y(tan(1))

Question 10:

—3e

1))=—-1-3e

Consider

D= {(r,cp) cR?:0<p< g, SI0) 1 cos(p) < 1} CR?.

Then the integral

is equal to the integral

[ (Lova)es

[] /01 (/Oﬂxydx>dy

Question 11:

cos(¢p)

/ /D 2 sin(¢) dr dyp

D/Ol (/Onydy>dx

[] /01 (/j@\/mydw)dy

Let f:R? — R be the function defined by

fla,y) = eVt

The Taylor polynomial of order 2 of f around (1,1) is

L] po(a,y) =

[ po(a,y) =

[ py(a,y) =1+2
[ py(a,y) =1+2

Question 12:

2z —1)+

(z
(z -

1)+ (y—

(y—1)+3x—-1)2+(y—
1+ 2x +y + 622 +4:Uy+iy2

D+3x—1)2+4(x—1)(y —

D+(y-1)

Consider (x, Yo, 29) =

f(z,y,2) = 2 +sin(zy) + 2.

12 +6(x—1)(y —

1)+

1)

(y—1)?

N | =

(1,0,4) and let f: R® — R be the function defined by

The equation f(z,y,z) = 5 defines in a neighbourhood of (z,, 2)) =

such that g(zy, z5) = yy = 0 and f(x,g(:(:, z), ) = 5. Furthermore,

]

]
]
D

5, (L4)= 1
dg B
%(174) =-2
dg B
%(1,4) = -2
-2

and

and

and

and

82

2I91,4)=4
Z2(1,4)=0
290,4) =2
(1,4) =0

(1,4) a function y = g(z, z)



Question 13: The solution y(z) of the differential equation
y'(@) =4 - (y(@))?

satisfying the initial condition y(0) = 0 also satisfies

Ov(-1)=2 Ov(-1)=—205
(1) =2 - (7)==

Question 14: Consider the surface
S={(z,y,2) € R3 : —2cos(mz) + 2y + 3™ + yz = 23 }.
The equation of the tangent hyperplane to S at the point (3,2,0) is given by

[ ]92—12y+2=36 [ ] 92+ 11y + 122 = 10
[ ] 122 +9y+112 =54 [ ] 122 +9y+112 =18

Question 15: The solution u(t) of the differential equation
uw”(t) — 6u'(t) + Ju(t) — 27t =0
satisfying «(0) = 0 and «/(0) = 0 also satisfies

|:| u(%) =0 |:| u(%) =4 |:| u(%) =5e% 44 |:| u(%) = ¢?

Question 16: For D = (0,+00) x (0,27) and D = R\ {(z,0) € R? : = > 0}, let G : D—D
be defined by
. T
G(r,¢) = (rcos(yp), rsin(p)) .
Let f: D — R, (z,y) — f(z,y), be a function of class C*(D) and let f : D — R be the function

defined by f(r,¢) = (f o G)(r,¢). If

J(r9) = Jpog(re) = (20 + cos(g)sin(p)  r(cos?(p) — sin’()) )
for all (r,) € D, then
of (1 1\ V2 of (1 1\ _ V2
D55 7)< D) =%
of (1 1\ 52 of (1 1\ V2
D55 )= D5 5) =%+

Question 17: The function
flz,y) =23 + 4> + 322 — 99> — 8

[ ] attains a local maximum at (0,0)
[ ] does not attain either a local maximum or a local minimum at (0, 6)
[ ] attains a local maximum at (—2,0)

[ ] attains a local minimum at (—2,6)



Question 18: The limit
. ac?’y — 3xy3 + 2°
lim 1 2.2, 14
(zy)—=(0,0) =~ +227Y" +y

|:| equals 0 |:| equals —3 |:| equals —2 |:| does not exist




Part II: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the

box FALSE if it is not always true (i.e., it is sometimes false).

Question 19: Let the function f : R?2 — R be defined by f(x,y) = 4sin(z)cos(x). Then the
Taylor polynomial of order 2 of f around (0,0) is the polynomial py(z,y) = 4.

[ ] TRUE [ ] FALSE

Question 20: Consider D = [0, . Then

// sin(zy) dxdy = 0.

[ ] TRUE [ ] FALSE

Question 21: Let f:R* = R, (z,y,z ) — f(x,y,2), be a function of class C* and let Hess((a)
be the Hessian matrix of f at a € R3. If f ;(a) = —2 and if the determinant of Hess(a) equals —3,

then f admits a local maximum at a.

[ ] TRUE [ ] FALSE

Question 22: Let a € R be such that a < —16. Then the set {(m,y) eR%:1> 252215y > a}

is open.

[ ] TRUE [ ] FALSE

Question 23: Let f:R? — R be a function of class C'! and consider the surface

S = {(xayaz> eER®:z= f(I',y)} :
If £(0,0) =3 and f admits a local minimum at (0,0), then the equation of the tangent hyperplane
to S at the point (0,0, 3) is given by z = 3.

[ ] TRUE [ ] FALSE

Question 24: Let D be a closed bounded subset of R? and let f : D — R be the function defined
by f(z,y) = cos (cos(x — y2)) Then f admits a local maximum.

[ ] TRUE [ ] FALSE

Question 25: Consider the function f : R?> — R and the point p € R3. If the directional

derivative of f at p exists for each vector v, then f is differentiable at p.
[ ] TRUE [ ] FALSE
Question 26: Let F C R" and F' C R" be two nonempty subsets. If £ C F, then O0F C OF.

[ ] TRUE [ ] FALSE



Question 27: Given D = R?\{(0,0)}, let f : D — R be a function so that for all 6 € [0, 2]

we have
%Lr% f(tcos(f),tsin(h)) = 2.
Then f can be defined at (0,0) so that it is continuous there.

[ ] TRUE [ ] FALSE

Question 28: Let E C R? be an open and nonempty subset and let f: E — R, (z,y) — f(z,y),

be a function of class C%(E). Then the function % : ' — R is differentiable at every point in E.

[ ] TRUE [ ] FALSE



