(g

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

Duration: 144 minutes

Analysis 11

Exam

Common part

Spring 2018

(Questions

For the multiple choice questions, we give

+3 points if your answer is correct,
0 points if you give no answer or more than one,

—1 if your answer is incorrect.

For the true/false questions, we give

41 points if your answer is correct,
0 points if you give no answer or more than one,

—1 points if your answer is incorrect.



Part I: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly

one correct answer.

Question 1: Consider the subsets
A:{(x,y,z)€R3:x+y+z§0} and B:{(x,y,z)GRB:x2+y2+z2:1}.
The nonempty subset A N B C R3 is
|:| open and not bounded
|:| closed and not bounded
|:| open and bounded
|:| closed and bounded

Question 2: Let D = {(z,y) € R? : 2 >0, |y| <min{1,2 — 2} }. Then the integral

// zy? dx dy
D

= O= mjp O =

15 15

equals

Question 3: Let f: R? — R be the function defined by

+ ifx#£0),
=] o)
z
0 ifz=0.

Then

D the function f is continuous at every point (z,y) # (0,0)
[ ] the function f is continuous at (0,0)

[ ] lim f(z,0) # lim £(0,y)
x—0 y—0

of . of :
[] %(0,0) exists but 6—y(0,0) does not exist

Question 4: Let

Then




Question 5: Let g : R> — R? be the function defined by

g(u,v) = (—v, u)T
and let f: R? — R be a function in C(R?) such that
J(x,y) = <3m2 +9? 2zy+ ey> .
The function
h: R — R
(u,v) —> h(u,v)
defined by h = f o g, satisfies

Oh Oh Oh Ooh

[] 5,0 =-1 [] 5,0 =-1 [] 5,(0.1) =3 [] 5,0 1) =3

Question 6: Consider the surface
S={(z,y,2) € R®: 2’ +y* + 42> = 6}.
The equation of the tangent hyperplane to S at (—1,1,1) is given by
[ J4z—2y—82—-14=0 [ Jo—y—42+6=0
[J2z—y—42+7=0 [ J4z—2y—8:4+8=0
Question 7: Let (zg,y,) = (v/7/6 , /27/3 ) and let f : R? — R be the function defined by
f(z,y) = sin(z?) 4 cos(y?) .

The equation f(z,y) = 0 defines in a neighbourhood of z a function y = g(x) such that g(x,) = y,
and f(w, g(z)) = 0. In addition, one has

[ g'ay) = 5 [ g@) = =5 O o'wy) = 5 [ g'tag) = -

Question 8: Let I': R — R be the function defined by

/2
F(t) = / el dx .
0

Then one has
[ ] F/(1) =3¢ —e [ ] F/(1)=2e —e [ ] F(1)=4e—e [JF(1)=¢—e¢

Question 9: The solution y(z) of the differential equation
y'(2) +y(a) = a?e™

with the initial condition y(1) = 0 also satisfies

o2 = (e o2 = (et - 13¢7)
[] y(—2) = —3¢2 [Jy(-2)= -3¢



Question 10: LetD:{(x,y,z)ER3:1§x2+y2+z2§4, >0, y>0, zg()}.

The integral

/// S — dydz
D Va? 4y + 27
equals
31 ] o 4 31
L 40 L 5 30

Question 11: Let f:R3 — R be the function defined by
fz,y,2) = 2* +y* 4+ 32° — bay.
Then

|:| 0,0,0) is a local maximum of f

]

( )

(0,0,0)

|:| (0,0,0) is not a local extremum of f
( )

is a local minimum of f

|:| 0,0,0) is not a stationary point of f

Question 12: Let D = {(z,y) € R? : 2% +y? < i} and let f : D — R be the function defined by

f(z,y) = 1—x—i—1y+xy
Then the Taylor polynomial of order two of f at the point (0,0) is:
[] po(z,y) =1+ —y+ 2% —doy + 32
[ polw,y) =1+ 2 —y+a? = 2wy +y?
[ ] pol,y) =142 —y+22— zy+y?
[ polwy) =1+ 2 —y+a? —3ay + 4

Question 13: The solution y(z) of the differential equation
y'(z) + 62°(y(x))* =0

with the initial condition y(1) = % also satisfies

v(v2) =57 v--2  Oym--t  Ouva-=

24



Question 14: Let f: R? — R be the function defined by

3
2 i (s, 0,0),
fag) = ey (z,y) # (0,0)
0 if (z,y) = (0,0).

Then

[ ] f is differentiable at (0,0), but f is not in C(RR?)

[ ] the partial derivatives gf(o, 0) and gf(o, 0) do not exist
€T Y

0
|:| the partial derivatives /

%( y

[ ] fisin CY(R?)
Question 15: The solution u(t) of the differential equation

u”(t) — 2u'(t) + bu(t) = 17sin(2t)

with the initial conditions «(0) = 1 and u(0) = 1 also satisfies
[ ] u(r)=4—3€" [ ] u(r)=4 [ ] u(r) = —4+5e"

Question 16: Let f:R3? — R? be the function defined by
2 o \'
flay2) = (1+a?", y* +2)

The Jacobian matrix of f evaluated at (z,y,z) € R? is

C(a+a) 2wy 42D (1422 0
I:l Jf(xvyvz) - ( 1 2y 0)

(1 +x2)y_12xy (14227 In(1 + 22?) 2z

0 0
1—|—x2)y_12xy (14 22) In(1 + 22)

L] Ty, 2) = ((sz)y— 20y (1+2%)" In(1+2%) 20 O)

Question 17: Let f:R? — R be the function defined by
f(a,y) =2y’
and let g(z,y) = 2* + 16y* — 32. Then, under the constraint g(x,y) = 0,
|:| the function f attains its minimum at a single point
|:| the function f attains its maximum at (\‘ﬁ ,V5/ 2)
|:| the function f attains its maximum at exactly 4 points

[ ] the function f attains its minimum at (—2,1)

o7 0,0) and ==(0,0) exist, but f is not differentiable at (0, 0)

[ ] u(r)=4—4e



2 3
Question 18: The limit lim ( 233 Y 5 + ;Cy 6)
(zy)—=0,0) \z°+y~ x°+y

|:| vaut 1 |:| vaut 2 |:| n’existe pas |:| vaut 0



Part II: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the

box FALSE if it is not always true (i.e., it is sometimes false).

Question 19: Let D C R" be a nonempty subset, closed and bounded and f : D — R a

continuous function, then
- [@lie < [ sz < [|i@)]d

[ ] TRUE [ ] FALSE

Question 20: Let f: R™ — R be a continuous function and (ak) a sequence in R" such that

k>1

k—+o00

If lim f(a,) =1, then lim f(x)=1.

k—4o00 T—a

[ ] TRUE [ ] FALSE

Question 21: Let E be a subset of R” and let E be its closure. If E = E, then the boundary of
FE is empty.

[ ] TRUE [ ] FALSE

Question 22: If y; and y, are two solutions on a nonempty open interval I C R of the differential

equation y'(x) — cos(y(:c)) = 0, then y; + y, is also a solution of this equation on 1.

[ ] TRUE [ ] FALSE

Question 23: If a € R” is a local minimum of the function f : R™ — R, then a is a local

maximum of the function g : R™ — R defined by g(x) = — f(x).

[ ] TRUE [ ] FALSE
of.
Question 24: Let f:R"™ — R™ be a function and let a € R™. If the partial derivatives afz (a)
T .
j

exist for all i € {1,...,m} anf j € {1,...,n}, then f is differentiable at a.

[ ] TRUE [ ] FALSE

Question 25: Let D = {(x, y,2) ER3: 22 <1442+ 22 } If f: D — Ris a continuous function
on D, then f is bounded.

[ ] TRUE [ ] FALSE

Question 26: Let (uy) and (vy,) be two sequences in R".

k>1 k>1

It (u,C + vk)k>1 is a convergent sequence, then (uk)k>1 et (vk)k>1 converge also.

[ ] TRUE [ ] FALSE



Question 27: If D = {(z,y) € R* : 2? + y* < 1}, then // e dzx dy < me.
D
[ ] TRUE [ ] FALSE

Question 28: Let () ., be a sequence in R such that ||z, | =1 for all £ > 1.

k>1
Then there exists € R" such that ||| =1 and lim =z, = x.
k—400

[ ] TRUE [ ] FALSE



