
gemma:.



-239-Ex ? fix ,y1= sur D=/Hy) -412 ? 1cxc2
,

# <ycx}
2

f- ✗$¥d×dy=J(§¥dy)d×=f( ¥ /
×

)d✗= :
D 1 ¥ I

'

2 7¥
:

, / D1 / itypet
= { f-✗ + ✗3) dx= -12×2+14×41,2=-2+1-2 -14--4=-7 ; !

,

f- ±

2 2 1 2

f) ¥d×dy=§(§¥d×)dy+f(f¥d×)dy=
D '

z
D.
÷
,

I ✗
✗=y

D2
2 - -

- - -
- - -

- -

= . .

.

[Exercise ] = ? ' =¥¥pe2
1-

- -

i
-

¥D .

21 -

.
-
-

-

-

= ¥i.

1 ✗ =3



Fhm de Fubini pour les integrates triples .

✗
,

soit lab ] intervale ,a< 6 ; 4,4 :[a. b) → IR continues .

.

4,1×1<426 ) tx E)a. lol
.

'

'

i"":
""

D= { (xx ) c- 1122 : a < xcb
,
4C✗ky< 41×1}

"

;

D
:

Soient G
,
H :D → IR continues

,
Gay)< HGH) they)ED '

ya ,

E-_ { t.y.de/R3:(xiy)c-D.-Glxiy)s2-cHCx,y)}
.

a e.
×

f : E- → IR continue

Alors fast integrable sur Eet once :
b teach HG ,y) Z=tK✗i)

F-
fcxiyizldxdydz =\ Hit.HddxE- a 4,1×1 64,4 D

2- =G(xy)

Remarque .

Seton la géometrie du domaine
,

les roles des variables

×
,
yet 2- prevent étre échangés .



Ex 3
.

E- = { (× , -1,2-1 c- 1123 : 0 < 2- < y - ✗ < 1 } -241-

f- (4×2)=2×3

E- = {lay.de/R3:0cxc1;02y- × ; 0<2-4} , y=✗

I

fffe"d×dydz=§(§3dz)dy)dx=
◦

" " " IE
i × y

◦
◦

i × ¥
i. ×

¥'m fdxfdyfei.dz -_ fdxfdylze
"
) / =

,

0

✗

0 0
I

° 0
I

= fdxfdylye
")=fd×.±µe%↑

¥ '

= fdx (1-2×2×3)=6-6×311×3) =
O O ☐ °

0 0

= f- /
'

◦

= f- (e- 1)
.

Changemust dordre d. integration :

[ = { (x.y.tl EIR
}

: Oc ✗ ¢1
,

0< 2- c- ✗
,

2- < ycx }



E- { Gay.tk/R3-.0cxc1.02ZcX.zcycX] z

d×dydz=Jd×§dz§dy=
E-

, ×

° °
Zi ✗ E

= fdxfdzye
" /

✗

= fdxfdzlx-z)e×ˢ=
o o ¥ °

◦

\ / MMMMM ,
I

✗ 1
I

= fdxlxz - {He
" / = fdxfi-t.ie?--ftzx2e*dx-- ×

,
O

,
Z → ° 0 I 0

=↓fd(✗3) = t.lt/o--'-(e- 1) .

0
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Changement de variables dans linlégrak multiple
7hm

.

Soit E CR
"

un sous - ensemble [E- compact) ; 4 :E- > IR
"

tell
que

✗c- C'(E)

et 4 : E- → ✗(E) est bijective (Jyrki) est invertible fñ c-E)
.

Soit f : D- = YCET → IR foncton continue
.

Alas §f☒dx = fflilñlldetrhelñlldñ E¥
E-

ñ I

Ex 0
.

1 2

46.is -1%1--1:)v E

°
u ,

4th, ✗
D= HE)

7--1: :)
flx.yt-1-ftu.it

°

, ,
✗ 2 /def 3×1=4 V-fu.ir/EE

fix.y)dxdy = f) 1. ldetxldudr = fdufdr . 4=41.1--4
.

×
2

E o o

✗ dy = 1-22=4



Ext fcx ,y)=X ' , D= {G.HEIR ? OLXCI , -✗ cycx}U{(x,y)E1R? kxcz , ✗-24<2- ×}?
""

2 2-✗
D

'
Dz

¥-0ffflx.ytdxdy-jdxfxdy-fdxfiidy.de
f-✗÷

D ° - ✗ I ✗-2 ↓
YIMVKX

,
't

it / Hiii _r⇔Plus facile :{
a- ×- y over

v=✗+y
⇒

◦ < v<z=
> {

✗ ("°)
⇐2*+7=2

f- Eton >

" 11

¥ E) ⇒ ᵈᵈ7yuu= -4+4--1=10 air
them

Janis __ ( ± ± ✗ =
-×

sure
E

⇒ 4 : E- >D bijective . ; fcx.mx?k-fa-ioY.

0 [
U

2 2

Alas ma : f) ✗ 'dxdy-itfffe-ivildett.am/dudv--fdufdv'-tu-rY--
2 D 2 E- ¥

=# fdutu-ivpfj-z-yffu-2P-rifdu-21-y.ly/ln+zY-ui/f=z!-it- (44-24-24+0) =
0 To 0

= ¥ /☒ (24-21)--6--14=5 .



Integration direct : Gerace) -245-

1 ×
2 2- ✗

'
× 2

2-✗

ffiidxdy-fdxfxdy-fdxfxdy-fdx.MY/+fdxlyxDf-D°
- ✗ 1×-2 0

yes
- ×

1

✗
→

✗-2

1 2 2 2

= f2✗3d×+f(4-2×1×204=1-2×4 / 1+4-3×31
,

_ 1-2×4/1=1-2+33--31 -8+1-2=-7+10+25-45 =

0
0 1

=3 -2-3=7-3 .
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Application : changement de variables polaires .

Xlr, 4) = { ✗
= rosy

✗ = ran y
Y : ✗ 10,2T [→ Rigo]

.

bijective

]y (r, 4) = ( cosy
- rsiny

any rosy ) ⇒ def Tyr, y, = rkoiY-s.ve)=r.
I

¥
→ y¥""""""Ear→ R ×

O R
>
r

Ex 2
. L' aire da sector circular 're Sar dangle tetragon R

& R

A.*
= f) 1- dxdt = $1 -ldetzldrdY-fdefrdr-sa.peEar T
L x

= fire .tn/?'-zR2fde=tzR'a
h particulier, Si ✗ = 2T ⇒ [aire du disque de rayon Rest Aza,R=£R?2ñ=ñR ?



Exercise : Calculus faire du disque dragon 1

→

⇒
"""

en coordinates cartésienng D
type

D= / HIDER? - I< ✗ < 1
,

- Fxi_cF✗i}
1 F-x2 I

1
← y=-F✗ñ

f) Idxdy = fdxfdy = fdx(FÉ+FÑ)=2fFÑdx= .
.

D - i
-FF - i

É E E
- I
F- Sint

,
✗ C- 1- 1. 1)⇔

t-f-E.IE/--2fFsiiTdsmt--2fkostl-costdt--2fcostdt--Iz
-

E ↓ -

E 2coit - f- colt
- E≤t≤É
⇒ lost / = cost ≥0

Iz

= Short -11)dt='z%h2t+t /
¥

= {Knit - smfñ)+E+E=T
=D to

- I
-

Iz 2

⇒ Aire (disguederayon 1)
= 'T
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Ex
- f) Hey)dxdy ,

D= {lx.AE/R?-1cxc1,-FxicycF-xT}
D
y

= {cx.yk.IR?x2+y' ≤ 1} H=-D
At Az

2ñ '

fdyfrls.name)rdr=
°

0 11,1
,

-1%64 1-

21T

= flank.ch/dY.fr2dr---(cosY+smYf?).(zr3fj)--0A2
o

°

To

Autrement
, fflxi-yldxdy-ffxdxdy-iffy.de/dj-- 0+0=0.

D D ↓ D ↓

LB ,
☒ = - Ssx
* Ba %%
*' fly ___$y
☒

G Cz

Cz


