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4
. Equations differentielles linaires du seconds ordre (EDT2).

Def Soit I un intervalle ouvert. On appelle equation differentielle lineve
du seconde ordre une equation de la forme :

y"(x) + p(x)y(x) + q(x)y(x) = f(x) EDL2
on p .g.%: I- RR sont des fonchons continues·

Def. Une equation de la forma
y"(x) +p(x)y((x) + q(x)y(x) = 0

est die EDL2 homogine.
On cherche una solution de cette equation de classe C2 .

Ex1
. y" = 5 = y = 5x + 2

,
xeR

,

FCER

=> y(x) = EX2 + C ,
x +C FxEIR

FC
,
GER



EDLI homeoginea coefficients constants .

on
churche 9

,
6 : -44-

y"(x) + py(x) + gy(x) = 0 p ,qEIR S
↓

(x) Y"(x) - (a + b) y(x) + aby(x) = 0
Alors a

,

6 sont des racies do

l'equation x2 +px +g = 0
( - a)() - b) = x2 - (a +b(x +ab = 0

x+ px + y = x - (a + f(x + ab = x - ax - bx + ab = x(x -a) - b(x - a) = a
,
beK

.

= (x -b)(x -a) = 0

Le changement de variableyay(x)) -Syay() = 0 Es (x)

z(x) z(x)

= z'(x) - bz(x) = 0 = EDVS your z

= z(x) = C , 28x la solution generale ,

C
,
arbitraire

=> z(x) = y(x) - ay(x) = on obtient une equation poury(x)
y(x) - ay(x) = 2 , 28x EDh1
- -

p(x) f(x)



y(x) - ay(x) = 2
,
28x p(x)

=

- a
, f(x) = C, e8x EDL1
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=> P(x) = fadx = - aX
, Yom(x) = Cel

**

solution general
de l'equation homogene

CW = Cebidx = jeax =jedi
C X Si b= a

Ypart(x) = C(x)
- P(x)

= 2
,
eb-1 +2ax = 2

,
193 : b + a

IC ,
x
*x

Sib = a

Y(x)=
C

.

C constantes arbitraires
9.6 racines deI l'equation caracteristique

x2+pi) + g = 0

#xER
,
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S : a #f sont des racines complexes, a, 6 EIR => a = =

=> y(x) = Ce
*
+ Jeax pour avoir une solution veelle.tiM , GREIR

Soit 2 = E((-i(y) = = E((s + i(y)
,
C

,
G EIR

3 + 0

y(x) =Cl
*
+ [2*x = E(( - i()l

*C + E(C + i(y)l
*liB* =

=Cer
- -

cosX singX

Colcex +Cl
*

singx
on C

,

C
,

EIR arbitraires
XEIR

C'est la solution generale de l'equation originale
dans le cas b =a IR

Les cocasx=
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Resume : EDL2 homegine a coefficients constants.

y"(x) + py(x) + qy(x) = 0 Soient a
,
be les racines

de L'equation X+pi+ = 0, p . gEIR.

a
,
b=

Alors la solution generale est

y(x) = 2 ,
2
*

+ Gebx sia + 6, a
,

6 EIR YC
,
GER

[C ,
e
" "
+ Gx
*

Sia = 6

C
, ecosx +2six Sia =di = JER

EXER
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Ex2 y" +y = 0 6) - 31)(x+3i) = (2 - 9i = x +9
Equation caractivistique N + D = 0 = a = 3i

,
6= = - 3i

a = 0 +3i = 2 +Bi

=> La solution generale y(x) = C
,
cos3x +Csin3x

Verification : y'(x) = - 34,33x + 3(23x = y" = -D(, 23x - 9(sin3x
=> y" + Dy = 0

.

Ex3"
- Gy +y = 0 x - 6x +9 = 0 = ( - 3)2 = 0

a=b = 3

y(x) = C , 23 + Gx23x

Verification : y(x) = 3(23+ Cl + 32xex

y"(x) = 92,
23 + 3223 +36+ 9(2xex

= y"(x) - Gy((x) +9y(x) =-
"
+ 6223"+92x- 18423"- 6*- 18(x*
u ----

+ "

+3 =0
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Considerous L'equation y"(x) +p(x)y'(x) +q(x)y(x) =0

,
P , 9:

Theoreme Une EDL2 homogens admet une scale solution y(x) :I -R
de classe C satisfaisant y(xo) = t ety'(x) = pour unxoI

et les nombres arbitraires s
,
t ERR

(sans demonstration)
.

Remarques (1) Superposition des solutions : Si y , (x) et y2(x) sont 2 solutions

demgBetaussursolution ,
onA

=Alex+ p(x)y, '(x) + q(x)y, (x) + B) m+p(x)y(x) + g(x)y(x)
= 0

I, est une solution
= O

(2) Siy(x) =HYIB(x = y(x)
= Ayxx) +Byxo =t Leguaton lineas

x'(x0) = Axi(x) + Byz(x) = S
pour 2 variables (A ,B)

&(Junique solution )YYxk(yx), xx(yz(x0)
, Yd(xd) + m(y, (x) , Y'(xd)



Def
.

Deux solutions y, (x) et yz(x) : 1- Reont linexivement independantes
-50-

sil n'existe
pas

de constante CEIR telle que
y2(x)

=

(X, (x) on y, (x) = CYz(x) Ex I

(Cela implique, en particulier , que y, (x) etyz(x) ne sontpas triviallement=sur I)
.

Theoreme =>
Il existe unique

solution
y (x) pour

fout couple s .teR> L'espace vectorial
Y(x0) = S , y(xo) = t des solutions de l'EDL2

est de dimension 2.

S
y"(x) +p(x)y((x) +q(x)y(x) = 0 y"(x) +p(x)y((x) +q(x)y(x) = 0

y(x) = t H
y'(x0) = S

7 so de solutions
↓

espace rectorie de dimension 2
7 Solution unique
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Comment resoudre y"(x) +p(x)y'(x) + q(x)y(x) = 0 . ?

Supposons que v, (x) est une solution
de cette equation , telleque

V
, (x) +0 sur I.

On said trouver une autre solution
,
linexivement in dependante .

Ansatz : v2(x) = c(X)V(X) telleque <(*) + const

Alors : (2'(x) = c'(x)(, (x) + c(x)v, (x)

2"(x) = c "(x8, (x)+W,(x) + C'(x)V,(x) + C(X)Y"(x) = dans l'equation =>
2c(x(V

,
'(x)

c"(x)v, (x) + 2c'(x)2! (x) + c(x)v, "(x) +p(x)c'(x(V(x)+x(x)v(x) = 0u

↳ -
c(x)(v"(x) +p(x)v,(x) + g(x)v, (x) = 0

puisque v, (x) est une solution

=> c"(x)v, (x) + 2c(x)v,(x) +p(x)c(x)v, (x) = 0
On

suppose que v(X) + O er I ef C'X + 0 sur I Cure condition deplus)



Alors = - p(x)
-2 => EDIS pour c'(x)
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= In /C(x)) = - P(x) - 2(n(ew) + 2nC
,

CER

The Pyren= In C
= ((x)= GEIRP

,
C = = C

= c(x) = Sex +C CERR

=> Vz(x) = C(X)V, (X) est une solution. Sion prend C
=
= 1

,
Cz = 0,

on obtient v(x) linecivement independante de v
.
(

-(x) = c(x), (x) = v,(x))x
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Question 3 Y"- EY'+Y = 0 EDL2 homogene ,

x2-0, 01 et 30, 01

V
, (x) = X estume solution. Une autre solution linairement independante est

A we(x) = e
* p(x) =-7 = P(x) = -f = -2((x) = 2n

Br(x) = * ((x) = Sex = S=
② ve(x) = x2

D((x) = +
= V(x) = ((X)v, (x) = X - X = X

Verification : EI"(x) - EW(x)+ (x) = 2- 4+2 = 0.

Exercise : Soit v
. (x) = X" => frouver E2(x)

E(x) = v,(x))x = x 2 (dx = x(( =x (*) = -X
=> v

, (x) = X2, E(x) =
-X On obtient toujours des solution linairement

independantes
Solution general : y (x) = C, 0, (x) + (25(x) = C

,
x + CX ? *G

,

G EIR

x] - 0
.
0 % et Jo, (
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Ex
.3" - Gy +y = 0 y(x) = C , 23 + Gx23x

Supposons v, (x) = e3x
Solution generale

Cherchons 22(x) = C(X)V(X) lin
. independante

Methode de variation de constants : p(x) =- 6
= P(x) =f- Gdx = -6x

-(x) = ((x)8
,
(x) on ((x) = Sex = Sax = (1dx = x

= vz(x) = xv,
(x) = x23x

=> la solution generals est y(x = C
,

e+ GxC
**

FxERR
C
, CEIR.Exercise : V

. (x) = x @3 " ef trouver 22(X) par
la methode

de variation de constante.


