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Rappel :"Theoreme de Fubini pour les domaines reguliers dans IR
⑤
m

detype 1 ,2,
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Ex
.

1 D = ExyER2 : 1x 2
,
* (yx] type 1

f(x,y) = x ++x (dxdy = ? y= X

notation

dy)dx=- ·
- enX

= Ydx(xy + eny)) = (+ex- 1- edx =
12

2
2

=

((x2+2(nx - 1)dx = jx- x) , + 2(2xdx = 3 - 2 -5 + 1 + 2x(nx))- 2)2dx =
If g

= 5 - 1 +422 - 2x) = 5 - 1 + 422 - 4+2 = - - + 422 > 0.
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Changement d'ordre d'integration :

y= X

$S(x + + )dxdy = 2 x =y

C Intersection y = x et y = :

y = x = > x= 1 ,

xx0 = x = 1 = y = 1D :...
D, = G21y + 2 , y(x2) type 2 A 2

D2 = [Eyc1 , +< X(23 type

22

-S(dx) dy +S((xYdx)dy = Exercice] - -=



type 2 - 325-Ex
.

2 Soit D = S(x ,YER2 : Ocy <1 ,

0 <x1 arcosy

Calculerx()xdxdy = D = G(x, y)ER2 : 0cx
, Ocycax] #areacax# 2 # #

Jax(xdy = dx (xyx =xcxdx =d. F

=

= xsx Saxdx = - 0+x)= = 1

y = cos 2
o
arcos y I u =crcosy p

Sxdxdy =(dy(xdx = Jdy-ExiarcosCarcosy dy= Gudesu =
⑨
O j #

= Inouzucaudn = 0-udu = -numud=
=-I o

Il vaut lapeine de bien choisir la description du domaine d'integration .



Theorime de Fubini pour les integrales triples Y
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Y(x)

Soit 19 . 6] intervalle , a <6 ; Y, 42 : /a
, 6] -- R continues :

Y
,
(x)(Y(x)*x = Ja

,
6) ! D &

D = ((x , y) +( : a (x6
,

Y
, (x)(yc4(x)} !Soient G

,
H :D + IR continues

·
G(x

,x) < H(x ,x) f(x,x)ED "

a b X

E =((x ,y, z) = R3 : (x ,y)ED; G(x,y) < z CH(x ,y)]
.

Soit f : E-IR continue

z =H(x,/)-

Alors fast integrable sur E et on a. E

())f(x, y ,z)dxdydz=ddydx z D

E

Remarque : solon lagronutrie du domaine les roles des variables X, y. z peuvent
etre echanges



Ex
.

3 Soit E = S(vzER3 : Oczcy(x1] = /)f(xxzdxdydz =
-32

x3
f(x, y, z) = 2

X = Y

E= ((x ,y, z)ER2 : 0ax(1 ,

0 < y (X
,

0az <Y] !1 X Y

(f(x,y, z)dxdydz =Sax)dyfe za
Y

Y

1
= jaxdyze* ·XY=dYedy =Say

⑧

-X

y(x/-

!Ye*d(x) = Je* ! ! = +(e - 1).

/
I



E = ((x ,y, z) = IR3 : 0(zcy(x1] za

E= G(x,y , z) < IR3 : 0(x(1
,

0xzX
,
zcycX]

=

325
=x

X
1X

xydz-dd&
= jax((x -ye*dz = (dx(xz - tz)ex/** & -

Y=X

I I E

Sixe
*
dx = -(e

*
d(x) = ye

* ))) =
= j(e -1)

Exercise : calculer le volume du domccne E G fois :

E = G(x ,y , z) EIR3 : 0 (xc1
,

0 < y2x , ocz <y]
O(z < y(X1

=((x, y, z)EIR3 : 0 (x1
.
02zX

, zcyx]



E = ((x, y, z)EIR" : 0 < y (7
, y(x21 ,

02zy} Cas 1
-329-

= ((x
, y, z) ERR : Ozyc1

, 0(z(y , y(x13
= ((x,y, z)E IR" : 0cz < 1

, z(yc1
,
x2X21]

= ((x,y, z) ERR : 01zc1
,
zax21

,
z <yaX3 Cas2

11 Y 1

Cas 1 : VE =

(tdxdydz =dydxf1dz =dydx =d
1 ↑

z

=dy() =dy==
Cas 2 : VE= dydz=
1

= ((((x- zx)) =Y(z - z - Ezz zz)dz = ((z2 z+ 2)d7 = 52-27 ! = -
X

Dinne facon similaire on trouve pour chaque description du domaine Ele mime volume=
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Ex
.

4 Nrouver le volume de la region
E CIR' entre les plans XZ

x = 0
, y

= 0
,

z = 0 et 2x +3y - z = 6 E

z = 0 -2x + 3y = 6 = 3y = 6 -2x = y = 2 - 5X · 2:
=

X = 0
, y

= 0 = z = 2x + 3y - 6 = - 6

E = (02x23
,

0 <(2 - Ex
,

2x+3y -61z(0) -

3 2-Exo 32-Ex *

V = /))1dxdydz =(dx(dyJdz =(dx)(2x-3yy
2x+3y- 6 ↑

32-5x - 6

= (dx((2x -3y+ 6) dy=dx (2xy-3y= 6y))-"
Y N

= (2x(2- zx) - z(2 --x)+ 6(2-2x))dx =
4 -8x +x y =2 - 3x

3 11114
. -=

(((x +yx- G + (x - Ex + 12- 4x)dx = D
&

3 X
-

- ~



= ((x +=x+ 6)dx = f 2x2 + Ex + 6x))) = ( 18 + 6 + 18) =G
-33

Exerci : Le volume de la region
E' entre leplans

y
z

x= 0
, y =

0
,
z = 0 et z = 6- 2x-3y est le mime.

6

2

2

3 Y

L

X
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55.
5

. Changement de variables dans une integrate multiple.

↑hm
.

Soit ECIR" un sous- ensemble (Ecompact) ; 4 :E-sIR" telle
que 4EC'(E)

et 4 : E - P(E)at bijective (Jp(n) est invertible FicE)
.

Soit f : D = FTE) -> R fonction continue. Y
-

AlorsStd =f (4() IdetI(illd E/
is *

Ex
.

O f(x, y) = 1 = f(u ,
2) 1 2

4 ( , 2) = (3) = () de clare CSijective w E

ou ,

My D = 4(E)
J
+ (a , % = (38) = (det](r)) = 6

+ 1

Sf(x,ydxdy = (f(4(v)) - (det3x(vdud =Sdn(1 · 6dr = 6 .u r)) = 0
"

3

↑xdy = 3.



Ex
.

1 f(x ,Y = x *
,

D = S(x , y)EIR" : OLXc1 . -xcycXYUSkYER" : kxc2 x-zcy c2 ,333-
IX 2- X

]f(dxdy = (dxxdy+S
y

,i

/D
Autrement : [E = (4) :02 ·>Jar = (det= 0

22

=

Sxdxdy = ](Im +r)) dud =Jdr(c P
Idet Final 2

2

-art) = (N+23- -3)dr= ((v+z)"-ri))
= (4"- 2" - 2"- 0) = 5 is (16(24-2)) =5 - 14= 7



-334-

Exercise : Calculer directement : SSfxdxdy =Saxdy+dy=
D
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Question 21 L'integrale qui donne le volume dinne sphere solide

de
rayon

R at

R
SozEA

.Sad *
R E. Toutes les reponses.

*Say t

②
-R-RT-X
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Equation dinne sphere de rayon :

x +y + z =R

Siz = 0 =X- + y = R= y
== >

Y

D = &(x ,y)t(R2 : - RaxcR
,

-cyx]
<
X

x+y+ z2 = r
=

= z ==X dy

y=

S = [(x, y , z)tR3 : -RLXR-ey
↓

RX

-zit]
-Ri

y
=-

R

-Vg = Sax(dy Jdz => C

R-E-



Question 21(6) : Quel est l'objetgeometrique dont le volume-337-
est donne par l'integrale
R

A

.Sad
Z Z

Intersection de deuxcylindres = et
Y

= Solide de Steinmetz X

X

Y

Exercise *: calculer le volume de l'intersection des dux cylindres
·

par lintegrale donne . (= HR)


