
② ②

+3
0

−1

+1
0

−1

② ②



②
✰✶✴✷✴✺✾✰

②

 !❡♠✐%!❡ ♣❛!(✐❡✱ *✉❡,(✐♦♥, / ❝❤♦✐① ♠✉❧(✐♣❧❡

 ♦✉# ❝❤❛'✉❡ '✉❡)*✐♦♥ ♠❛#'✉❡# ❧❛ ❝❛)❡ ❝♦##❡)♣♦♥❞❛♥*❡ 1 ❧❛ #2♣♦♥)❡ ❝♦##❡❝*❡ )❛♥) ❢❛✐#❡ ❞❡ #❛*✉#❡)✳ ■❧ ♥✬② ❛

'✉✬✉♥❡ #❡✉❧❡ #2♣♦♥)❡ ❝♦##❡❝*❡ ♣❛# '✉❡)*✐♦♥✳

◗✉❡#&✐♦♥ ✶ ✿ ❙♦✐❡♥* ❧❡) ❢♦♥❝*✐♦♥) g : R2 → R
4
❡* f : R4 → R

2
❞2✜♥✐❡) ♣❛#

g(u, v) =









u+ v

−u+ v

u− v

u









❡* f(x, y, z, t) =

(

x2 + y2 + z2 + t2

x(y + z + t) + y(z + t) + zt

)

.

❆❧♦#) ♦♥ ❛ ❧❛ ♠❛*#✐❝❡ ❥❛❝♦❜✐❡♥♥❡ )✉✐✈❛♥*❡ ✿

Jf◦g(u, v) =

(

8u− 2v −2u+ 6v

3v 3u− 2v

)

Jf◦g(u, v) =

(

8u+ 2v 3v

3v 3u− 2v

)

Jf◦g(u, v) =

(

8u− 2v −2u+ 6v

−2u+ 6v 3u− 2v

)

Jf◦g(u, v) =

(

8u+ 2v 3v

−2u+ 6v 3u− 2v

)

◗✉❡#&✐♦♥ ✷ ✿ ❙♦✐* ❧❛ ❢♦♥❝*✐♦♥ f : R3 → R ❞2✜♥✐❡ ♣❛#

f(x, y, z) = x2 + 2x+ xy + xz + yz +
1

2
z2 − z

❆❧♦#) f ♣♦))?❞❡ )✉# R3
✿

✉♥ ♣♦✐♥* ❞❡ ♠❛①✐♠✉♠ ❧♦❝❛❧

✉♥ ♣♦✐♥* )❡❧❧❡

❞❡✉① ♣♦✐♥*) )❡❧❧❡

✉♥ ♣♦✐♥* ❞❡ ♠✐♥✐♠✉♠ ❧♦❝❛❧

◗✉❡#&✐♦♥ ✸ ✿ ❙♦✐*

I =

∫ 1

0

(∫ 1

x3

y
2

3 sin(y) dy

)

dx

❆❧♦#) ✿

I = sin(y + z)

I = − cos(1) + sin(1)

I = 1

I = cos(1) + sin(1)

◗✉❡#&✐♦♥ ✹ ✿ ▲❛ )♦❧✉*✐♦♥ y(x) ❞❡ ❧✬2'✉❛*✐♦♥ ❞✐✛2#❡♥*✐❡❧❧❡ ❞❡ ❘✐❝❝❛*✐

y′ = −y2 + 2xy − x2 + 1

'✉✐ )❛*✐)❢❛✐* ❧❛ ❝♦♥❞✐*✐♦♥ ✐♥✐*✐❛❧❡ y(0) = 1 ✈2#✐✜❡ ✿

y(1) = 0

y(1) =
3

2

y(1) = −1

2

y(1) = −2

② ②



②
✰✶✴✸✴✺✽✰

②

◗✉❡#$✐♦♥ ✺ ✿ ❙♦✐# ❧❛ ❢♦♥❝#✐♦♥ f : R3 → R ❞*✜♥✐❡ ♣❛. f(x, y, z) = sin(x− y+ z2) e1−z
✳ ❆❧♦.1 1♦♥ ♣♦❧②♥3♠❡

❞❡ ❚❛②❧♦. ❞✬♦.❞.❡ ❞❡✉① ❛✉#♦✉. ❞✉ ♣♦✐♥# (0, 1, 1) ❡1# ❞♦♥♥* ♣❛. ✿

p2(x, y, z) = x− y + z2 + yz

p2(x, y, z) = x− y + z2 − xz + yz) e

p2(x, y, z) = x− (y − 1) + 2(z − 1)− (z − 1)2 − x(z − 1) + (y − 1)(z − 1)

p2(x, y, z) = x− (y − 1) + 2(z − 1)− (z − 1)2 + (y − 1)(z − 1)

◗✉❡#$✐♦♥ ✻ ✿ ❙♦✐# ❧❛ ❢♦♥❝#✐♦♥ f : R2 → R ❞*✜♥✐❡ ♣❛.

f(x, y) =











xy4

x2 + y4
≡ x

√

x2 + y4

y3
√

x2 + y4
y 1✐ (x, y) 6= (0, 0)

0 1✐ (x, y) = (0, 0)

❆❧♦.1 ✿

f ❡1# ❞✐✛*.❡♥#✐❛❜❧❡ ❡♥ (0, 0)✱ ❡# ❧❛ ❢♦♥❝#✐♦♥ ❞*.✐✈*❡ ♣❛.#✐❡❧❧❡

∂f

∂x
❡1# ❝♦♥#✐♥✉❡ ❡♥ (0, 0)

❧❡1 ❞*.✐✈*❡1 ♣❛.#✐❡❧❧❡1 ❞❡ f ❡♥ (0, 0) ❡①✐1#❡♥#✱ ♠❛✐1 f ♥✬❡1# ♣❛1 ❞✐✛*.❡♥#✐❛❜❧❡ ❡♥ (0, 0)

f ❡1# ❞❡ ❝❧❛11❡ C1
(

R
2,R

)

f ❡1# ❞✐✛*.❡♥#✐❛❜❧❡ ❡♥ (0, 0)✱ ❡# ❧❛ ❢♦♥❝#✐♦♥ ❞*.✐✈*❡ ♣❛.#✐❡❧❧❡

∂f

∂y
❡1# ❝♦♥#✐♥✉❡ ❡♥ (0, 0)

◗✉❡#$✐♦♥ ✼ ✿ ❙♦✐# ❧❛ ❢♦♥❝#✐♦♥ f : R2 → R ❞*✜♥✐❡ ♣❛.

f(x, y) =



















x

√

|y|
|x| 1✐ x 6= 0

0 1✐ x = 0

❡# 1♦✐# ❧❡ ✈❡❝#❡✉. v = (1, 1)T ∈ R
2
✳ ❆❧♦.1 ♦♥ ❛ ♣♦✉. ❧❛ ❞*.✐✈*❡ ❞✐.❡❝#✐♦♥♥❡❧❧❡

∂f

∂v
✿

∂f

∂v
(0, 0) = 0

∂f

∂v
(0, 0) = 1

∂f

∂v
(0, 0) ♥✬❡①✐1#❡ ♣❛1

∂f

∂v
(0, 0) = 2

◗✉❡#$✐♦♥ ✽ ✿ ❙♦✐# ❧❛ ❢♦♥❝#✐♦♥ f : R → R ❞*✜♥✐❡ ♣❛.

f(x) =

∫ x2

2x

sin(xt)dt .

❆❧♦.1 ✿

f ′(2) = 3 sin(8)

f ′(2) = 2 sin(8)

f ′(2) = 0

f ′(2) = 4 sin(8)− 2 cos(4)

② ②



②
✰✶✴✹✴✺✼✰

②

◗✉❡#$✐♦♥ ✾ ✿ ❙♦✐# ❧❛ ❢♦♥❝#✐♦♥ F : R2 × R
2 → R

2

F ((x1, x2), (x3, x4)) = (−x1 + x3,−2x2 + 2x4)
T .

❡# *♦✐# f : R2 → R
2
❧❛ ❢♦♥❝#✐♦♥ ❞,✜♥✐❡ ✐♠♣❧✐❝✐#❡♠❡♥# ♣❛0 f(1, 1) = (1, 1) ❡# F ((x1, x2), f(x1, x2)) = 0✳ ❆❧♦0* ✿

f ′(x1, x2) =

(

x1 0

0 2x2

)

f ′(x1, x2) =

(

1 1

1 1

)

f ′(x1, x2) =

(

1 0

0 1

)

f ′(x1, x2) =

(

x1 0

0 x2

)

◗✉❡#$✐♦♥ ✶✵ ✿ ▲❛ *♦❧✉#✐♦♥ y(x) ❞❡ ❧✬,7✉❛#✐♦♥ ❞✐✛,0❡♥#✐❡❧❧❡

y′′ − 2y′ + 2y = 5 cos(x)

7✉✐ *❛#✐*❢❛✐# ❧❛ ❝♦♥❞✐#✐♦♥ ✐♥✐#✐❛❧❡ y(0) = 1 ❡# y′(0) = −2 ✈,0✐✜❡ ✿

y(π) = 1 + eπ

y(π) = 1− eπ

y(π) = −1

y(π) = 1

◗✉❡#$✐♦♥ ✶✶ ✿ ❙♦✐# S ⊂ R
3
❧❛ *✉0❢❛❝❡ ❞,✜♥✐❡ ♣❛0 S =

{

(x, y, z) ∈ R
3 : x2 + y2 + z2 = 2

}

✳ ❆❧♦0* ❧✬,7✉❛#✐♦♥

❞✉ ♣❧❛♥ #❛♥❣❡♥# ; S ❛✉ ♣♦✐♥# (1, 1, 0) ❡*# ✿

x+ y = 0

x+ y − 2 = 0

z + 2x+ 2y − 4 = 0

z = 2(x− 1) + 2(y − 1)

◗✉❡#$✐♦♥ ✶✷ ✿ ❙♦✐# f : R3 → R ❧❛ ❢♦♥❝#✐♦♥ ❞,✜♥✐❡ ♣❛0 f(x, y, z) = y + z✳ ❆❧♦0* ❧❡ ♠✐♥✐♠✉♠ m ❡# ❧❡

♠❛①✐♠✉♠ M ❞❡ f *♦✉* ❧❡* ❝♦♥#0❛✐♥#❡* x2 + y2 − 1 = 0 ❡# x+ z − 1 = 0 *♦♥# ✿

m =
3−

√
3

2
❡# M =

3 +
√
3

2

m = 0 ❡# M = 2

m = 1 ❡# M = 1

m = 1−
√
2 ❡# M = 1 +

√
2

◗✉❡#$✐♦♥ ✶✸ ✿ ❙♦✐#

D =
{

(x, y) ∈ R
2 : y ≥ 1

2x, y ≥ −2x, y ≤ − 1
3x+ 5

3

}

,

♦✉ ❛✉#0❡♠❡♥# ❞✐#✱ *♦✐# D ❧❡ ❞♦♠❛✐♥❡ #0✐❛♥❣✉❧❛✐0❡ ❞♦♥# ❧❡* *♦♠♠❡#* *♦♥# (0, 0)✱ (2, 1) ❡# (−1, 2)✳ ❆❧♦0*

❧✬✐♥#,❣0❛❧❡

∫

D

2x+ y dx dy

✈❛✉# ✿

25

6

−25

6

5

6

−5

6

② ②



②
✰✶✴✺✴✺✻✰

②

◗✉❡#$✐♦♥ ✶✹ ✿ ❙♦✐#

D =
{

(x, y, z) ∈ R
3 : x ≥ 0, y ≥ 0, z ≥ 0, 1 ≤ x2 + y2 ≤ z2 ≤ 4

}

.

❆❧♦&' ❧✬✐♥#*❣&❛❧❡

∫

D

z
√

8 (x2 + y2) + z2
dx dy dz

✈❛✉# ✿

π

π
(

2−
√
3
)

π
(

1− 1
2

√
3
)

3
2π

② ②



②
✰✶✴✻✴✺✺✰

②

❉❡✉①✐%♠❡ ♣❛)*✐❡✱ ,✉❡-*✐♦♥- ❞✉ *②♣❡ ❱)❛✐ ♦✉ ❋❛✉①

 ♦✉# ❝❤❛'✉❡ '✉❡)*✐♦♥✱ ♠❛#'✉❡# ✭)❛♥) ❢❛✐#❡ ❞❡ #❛*✉#❡)✮ ❧❛ ❝❛)❡ ❱❘❆■ )✐ ❧✬❛✣#♠❛*✐♦♥ ❡)*  ♦✉❥♦✉$% ✈$❛✐❡ ♦✉

❧❛ ❝❛)❡ ❋❆❯❳ )✐ ❡❧❧❡ ♥✬❡% ♣❛%  ♦✉❥♦✉$% ✈$❛✐❡ ✭❝✬❡)*✲>✲❞✐#❡✱ )✐ ❡❧❧❡ ❡)* ♣❛#❢♦✐) ❢❛✉))❡✮✳

◗✉❡% ✐♦♥ ✶✺ ✿ ❙♦✐* f : R2 → R ✉♥❡ ❢♦♥❝*✐♦♥ ❞❡ ❝❧❛))❡ C1
(

R
2,R

)

✳ ❆❧♦#) ❧❡ ♣#♦❜❧C♠❡ ❞❡ ❈❛✉❝❤② y′ = f(x, y)✱

y(0) = 0✱ ❛❞♠❡* ✉♥❡ )♦❧✉*✐♦♥ '✉✐ ❡)* ❞F✜♥✐❡ )✉# ❧✬✐♥*❡#✈❛❧❧❡ ]−∞,+∞[ .

❱❘❆■ ❋❆❯❳

◗✉❡% ✐♦♥ ✶✻ ✿ ▲✬❡♥)❡♠❜❧❡ Ω =
{

(x, y) ∈ R
2 : x ≥ 0

}

❡)* ❢❡#♠F✳

❱❘❆■ ❋❆❯❳

◗✉❡% ✐♦♥ ✶✼ ✿ ❙♦✐* D =
{

(x, y) ∈ R
2 : max {|x|, |y|} ≤ 1

}

❡* )♦✐* ((xk, yk))k≥0 ✉♥❡ )✉✐*❡ ❞✬F❧F♠❡♥*) ❞❡

D✳ ❆❧♦#)✱ ✐❧ ❡①✐)*❡ ✉♥❡ )♦✉)✲)✉✐*❡
(

xkj

)

j≥0
❞❡ ❧❛ )✉✐*❡ ❞❡) ❝♦♦#❞♦♥♥F❡) (xk)k≥0 '✉✐ ❝♦♥✈❡#❣❡ ✈❡#) ✉♥ F❧F♠❡♥*

❞❡ [−1, 1]✳

❱❘❆■ ❋❆❯❳

◗✉❡% ✐♦♥ ✶✽ ✿ ❙♦✐* f : R2 → R✱ (x, y) 7→ f(x, y)✱ ✉♥❡ ❢♦♥❝*✐♦♥ ❞❡ ❝❧❛))❡ C3
(

R
2,R

)

✳ ❆❧♦#) ❡♥ *♦✉* ♣♦✐♥*

p ∈ R
2

∂3f

∂x∂y∂x
(p) =

∂3f

∂x∂x∂y
(p) .

❱❘❆■ ❋❆❯❳

◗✉❡% ✐♦♥ ✶✾ ✿ ❙♦✐* D = R
2 \ {(0, 0)} ❡* f : D → R ✉♥❡ ❢♦♥❝*✐♦♥ ❝♦♥*✐♥✉❡✳ ❙✐ '✉❡❧'✉❡ )♦✐* α, β ∈ R ❡*

'✉❡❧'✉❡ )♦✐* p ∈ ]0,+∞[ ♦♥ ❛ lim
t→0+

f(αt, βtp) = 0✱ ❛❧♦#) lim
(x,y)→(0,0)

f(x, y) = 0✳

❱❘❆■ ❋❆❯❳

◗✉❡% ✐♦♥ ✷✵ ✿ ❙♦✐* f : Rn → R ✉♥❡ ❢♦♥❝*✐♦♥ '✉✐ ❡)* ❝♦♥*✐♥✉❡ ❡♥ *♦✉* ♣♦✐♥* ❞❡ R
n
✳ ❆❧♦#) ❧❛ #❡)*#✐❝*✐♦♥ ❞❡

f > ✉♥ )♦✉)✲❡♥)❡♠❜❧❡ ♥♦♥✲✈✐❞❡✱ ♦✉✈❡#* ❡* ❜♦#♥F ❞❡ R
n
❡)* ✉♥❡ ❢♦♥❝*✐♦♥ ❜♦#♥F❡✳

❱❘❆■ ❋❆❯❳

◗✉❡% ✐♦♥ ✷✶ ✿ ❙♦✐* f : Rn → R ✉♥❡ ❢♦♥❝*✐♦♥ '✉✐ ❡)* ❞✐✛F#❡♥*✐❛❜❧❡ ❡♥ *♦✉* ♣♦✐♥* ❞❡ R
n
✳ ❆❧♦#) *♦✉* ♣♦✐♥*

p ∈ R
n
*❡❧ '✉❡ ❣#❛❞f(p) 6= 0 ❡)* ✉♥ ♣♦✐♥*✲)❡❧❧❡ ❞❡ f ✳

❱❘❆■ ❋❆❯❳

◗✉❡% ✐♦♥ ✷✷ ✿ ▲✬❡♥)❡♠❜❧❡

{

(x, y) ∈ R
2 : |x|+ |y| ≥ 1, x2 + y2 ≤ 1

}

❡)* ❝♦♥♥❡①❡ ♣❛# ❛#❝)✳

❱❘❆■ ❋❆❯❳

② ②



②
✰✶✴✼✴✺✹✰

②

❚!♦✐$%♠❡ ♣❛!*✐❡✱ ,✉❡$*✐♦♥$ ❞❡ *②♣❡ ♦✉✈❡!*

❘!♣♦♥❞&❡ ❞❛♥) ❧✬❡)♣❛❝❡ ❞!❞✐!✳ ❱♦) &!♣♦♥)❡) ❞♦✐✈❡♥1 21&❡ )♦✐❣♥❡✉)❡♠❡♥1 ❥✉)1✐✜!❡) ❡1 1♦✉1❡) ❧❡) !1❛♣❡) ❞❡

✈♦1&❡ &❛✐)♦♥♥❡♠❡♥1 ❞♦✐✈❡♥1 ② ✜❣✉&❡&✳ ❯1✐❧✐)❡& ✉♥  !②❧♦ : ❡♥❝&❡ ♥♦✐' ♦✉ ❜❧❡✉ ❢♦♥❝-✳

▲❛✐))❡& ❧✐❜&❡) ❧❡) ❝❛)❡) : ❝♦❝❤❡& ✿ ❡❧❧❡) )♦♥1 &!)❡&✈!❡) ❛✉ ❝♦&&❡❝1❡✉&✳

❚♦✉!♥❡! ❧❡$ ♣❛❣❡$ ✦ ❈❡**❡ $❡❝*✐♦♥ ❝♦♥*✐❡♥* ✸ ,✉❡$*✐♦♥$ 8 ✶✷✱ ✶✵ ❡* ✽ ♣♦✐♥*$ ✦

◗✉❡ !✐♦♥ ✷✸✿ ❈❡""❡ #✉❡%"✐♦♥ ❡%" ♥♦")❡ %✉* ✶✷ ♣♦✐♥"%✳
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❙♦✐1

D =
{

(x, y) ∈ R
2 : x2 + y2 ≥ 2, (x+ 1)2 + (y + 1)2 ≤ 8

}

.

❚&♦✉✈❡&✱ ❡♥ ❥✉)1✐✜❛♥1 ❡♥ ❞!1❛✐❧ ❧❛ ❞!♠❛&❝❤❡✱ ❧✬✐♠❛❣❡ ❞❡ ❧❛ ❢♦♥❝1✐♦♥ f : D → R ❞!✜♥✐❡ ♣❛&

f(x, y) = |x| − y,

❝✬❡)1✲:✲❞✐&❡ ❞!1❡&♠✐♥❡& ❧✬❡♥)❡♠❜❧❡ I = {z ∈ R : ∃ (x, y) ∈ D 1❡❧ D✉❡ z = f(x, y)}✳
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② ②
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✰✶✴✾✴✺✷✰

②

② ②



②
✰✶✴✶✵✴✺✶✰

②

◗✉❡#$✐♦♥ ✷✹✿ ❈❡""❡ #✉❡%"✐♦♥ ❡%" ♥♦")❡ %✉* ✶✵ ♣♦✐♥"%✳

✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ❘)%❡*✈) ❛✉ ❝♦**❡❝"❡✉*

❙♦✐# ❧✬&'✉❛#✐♦♥ ❞✐✛&-❡♥#✐❡❧❧❡ ♣♦✉- ✉♥❡ ❢♦♥❝#✐♦♥ y(x) 2 ✈❛❧❡✉-4 ❞❛♥4 R ✿

y′ = y ( 1− y ) .

✭❛✮ ❚-♦✉✈❡- ♣♦✉- #♦✉# y0 ∈ R ❧❛ 4♦❧✉#✐♦♥ ♠❛①✐♠❛❧❡ ♣♦✉- ❧❛ ❝♦♥❞✐#✐♦♥ ✐♥✐#✐❛❧❡ y(0) = y0✳

✭❜✮ ❊①✐4#❡♥#✲#✲✐❧4 ❞✬❛✉#-❡4 4♦❧✉#✐♦♥4 '✉❡ ❝❡❧❧❡4 #-♦✉✈&❡4 4♦✉4 ✭❛✮ ❄ ❏✉4#✐✜❡- ✈♦#-❡ -&♣♦♥4❡✳
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%❤!♦&4♠❡ ❞✉ ✏(♠✐❧❡② ✈❡&%✑ ✿

❚❤-♦./♠❡✳ ❙♦✐% D ⊂ R
2
✉♥ ❡♥(❡♠❜❧❡ ♦✉✈❡&% ♥♦♥✲✈✐❞❡✱ ❡% (♦✐% f : D → R✱ (x, y) 7→ f(x, y)✱ ✉♥❡ ❢♦♥❝%✐♦♥

%❡❧❧❡ >✉❡ ❧❡( ❞!&✐✈!❡( ♣❛&%✐❡❧❧❡(
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∂x

(p) ❡% ∂f
∂y

(p) ❡①✐(%❡♥% ❡♥ %♦✉% ♣♦✐♥% p ∈ D✳ ❆❧♦&(✱ (✐ ❧❡( ❞❡✉① ❢♦♥❝%✐♦♥( ∂f
∂x

❡%

∂f
∂y
(♦♥% ❝♦♥%✐♥✉❡( ❡♥ ✉♥ ♣♦✐♥% p0 ≡ (x0, y0) ∈ D✱ ❧❛ ❢♦♥❝%✐♦♥ f ❡(% ❞✐✛!&❡♥%✐❛❜❧❡ ❡♥ p0.
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