3D Attitude representation - possibilities

[0 Many possibilities
B Direction cosines / rotation matrices (DCM)
B Euler/Cardan angles

B Axis and angle
0 Quaternion

0 Rodrigues
O Caley
o ..
B Euler/Cardan angles
m Others ...
[0 Usage:

B Interpretation: Euler angles
m Derivation/algebraic operation: rotation matrices
B Numerical “stability” with min. representation: quaternions
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3D Attitude representation - SO(3)

Rotation matrices
B Unique description
B Decomposition to “fundamental” rotations about x;-axis

1 0 0 cos@ (0 -—sind cosd s 0
R,(0)=|0 cos® sind| R, (@)= 0 1 0 R,(0)=| —sin@® cosd 0
0 —sinéd cosé sinf@ 0 cosd 0 0 1

0 From p-frame to g-frame
R! =R, (<)R, (/)R (@)

[0 Parameterization by Euler-angles
B Application dependent
® Navigation: h-p-r (heading-pitch-roll) or p-r-h or r-p-h
B Photogrammetry: o-p-k (omega-phi-kappa) or p-o-k
B Guard against singularity!
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3D Attitude representation - rotation axis + angle

[0 One rotation angle, 8, about an axis given by a vector
n:(nl n, n3)T

B n = eigenvector of a Rotation matrix corresponding to real unique
eigenvalue.

cos@+n! (1 —cosf)  nn,(1—cos 6?)+ n,sin@ nn, (1 —cos8)—n,siné
R=|nn, (1 —cos@)-n,sin@  cos@+ni(l—cosd)  nny(1—-cos@)+n sind

nn,(1—cos@)+n,sin@ nn(1-cos@)—nsin@  cos@+n(l—cosb)
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3D Attitude representation - quaternion

[0 4 algebraic parameters (non-unique!):

g=q,+qi+tq,j+qk
=4, 1tq

B Bound by a condition: qg +q12 +q22 +c]32 =1

[0 A unite quaternion can be expressed by in terms of the angle and
axis parameters

; —cos(gj+sin(gjni+sin(gjn '+sin(€jn k
q 7 5 ) ) 2) N
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Additional attitude operations - rotation matrices

e
B Consecutive rotations B Infinitesimal rotations
. C oS 1 Sa.=[oa, oa, oo,
Rp =R, RS Rt Rp oo; < 1= cosoa, =1&sinoa; = o,
1 0 0
R(0a)=|0 1 oa
B Inverse of a fundamental 0 -5t 1
rotation matrix - b
1 0 -oa,
-1 T o R(Sa)=| 0 1 0
(R(0)) =(R(8)) =F.(-6) S a0 1
[ 1 Sa, 0]
B Inverse of any rotation Ry (0a;) = _50“3 (1) (1)
matrix L -
(Rq )—1 B (Rq )T _pr R=R,(6a;)- R,(0cr,) - R (cx,) :I—[5(1 x]
p) TA\T) T 0 - ba,
[Sax|=| Sa; 0 -b¢
—oa, oa;, 0
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Additional attitude operations - quaternions
e

B Quaternions B Quaternion product
q9=4qy T qi+qj+ gk 4® P =qyDo — 4P, — 4205 — 955
p=p,+pi+tp,j+pk +(qop + 4Py + 9,05 —4:P,) -1

+(qoDy + 9,00 — 41D + 450,) " §

V= [v1 V2 V3 ]T
+(q00; + 4300 + 4, P, — 9, ,) K

o

R : rotation matrix equivalent to ¢

B Conjugate and norm B Rotation by quaternion
COHjugate(Q) = q* =q,—q1— g, — g5k V. ooated = Rv
0* 1 o .o. .o. kok |: O :|_q0*|:0:|;
=——| g+iqgi+jgj+ =
1 2 (q 1 141 1 j Vrotated \

qq —\/q q = \/QO+Q1+6]2+‘]3
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Additional attitude operations — conversions

[0 Euler angles to rotation matrix

cos@cosy cos@siny —siné

singsinfcosy sin@sinfsiny sin@cosf
R =R (@)R,(0)R,(w)=| —cospsing  +cospcosy

cos@sinfdcosy cos@sinfdsiny cos@cosf
+sin@siny —sin @ cosy

[0 Rotation matrix to Euler angles (arctan2 is recommended)

. R R
R,#%l:0=arcsin(R;), ¢= arctan(Mj, W = arctan(Mj

R,, /cos0 R, /cos@
T —R = itra —R
R;=+1:0=——, w+¢@=arctan 21 p=0 @by 5y, = arctan| —2-
2 R,, R,,
T —R ~0 (atbi —R
R,=-1:0=+>, y—¢p=arctan| —2L | 22 5., — arctan| —2L
2 R, R,,
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Additional attitude operations — conversions

[0 Euler angles to quaternion

[ cos(¢/2)cos(0/2)cos(y | 2) + sin(¢/ 2)sin(6 ] 2)sin(y /2) |
sin(@/2)cos(0/2)cos(y /2)—cos(¢/2)sin(6/2)sin(y / 2)
cos(@/2)sin(6/2)cos(y /2)+sin(¢/2)cos(0/2)sin(y /2)

| cos(@/2)cos(0/2)sin(y /2)—sin(¢/2)sin(0/2)cos(y /2)

[0 Quaternion to Euler angles (arctan2 is recommended)

¢:

2(9o%: + 9,95) .
t , 0= 2 — , = arct
arc an[ - 2(6]12 . qf) arcsm( (q0q2 IR )) y = arctan

2(q,9; +9.9,)

1-2(q; +4; )

=

PrL
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Additional attitude operations — conversions
]
[0 Quaternion to rotation matrix
(@:+9 -4 -4 2(949,-99,)  2(9,9,+9,4,)
R'=| 2q9,+499) (@ -9+4-9) 29,9,—9,4,)
2(9,.9,-9,9,)  2(9,9,+49,9,) (9.—-9. -4, +q.)

[0 Rotation matrix to quaternion

| 1
QO:iE\/1+R11+R22+R33 QZ:iE\/l_RII+R22_R33
I 4Q§ | _R13 _R31 ]
;12:L 32_R23 ;56:L R12+2R21
T Aq, | Ry Ry 1 S 4q,| 44 1
_Rzl_Ru_ %:ig\/l"'Rn_Rzz_R% _R23+R32_ Q3:i5\/1_R11_R22+R33
_R32 _R23_ _R21 _R12 _
; _ 1 4q, ; _ Ry + R
4 4q, R,+R, E 4q, Ry, + Ry,
_R13 + Ry, | i 4%2
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