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Motivation : Looking at a linear system
withtransfer matrix Gls) with m input
has many representation, in

and hangout

state - spaceform I = Ax +Bu
y = Cx + Du

We have seen that syitem similarity
preserve the trawler function i.e

.

I = PAP- ' B-- PB I = CP- ' D

inpnt.mg#lsl--ClsI-ATBtD--ECsI-AJ-B+I
How do properties of Gls) linked to

input-output behaviors connect with invariant
properties of t e A .mu/hvix ? Transmission zeros ?

stnbiigcim : Stabilization is linked to the possibility
of changing the structure of the A matrix,

changing its invariants .

Fisstgoal: determine the invariant structure of
- the A matrix

.

Side goal:
-_
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From a theoretical Krol
,
what is the algebraic

selling for establishing the invariants, generalizations ?

- Annihilating polynomial - coprime polynomials.
- Polynomial map .

-
Minimal annihilating polynomial
theorem There always exist a rector having
same MAP as the whole space .

theorem Two subspaces are dire summands
1=7

Their MAP are coprime

theorem's Every space splits as a direct sumof
cyclic snpspaces mainstream

11 = I, a Iea . . .IR
oflecture

where 4 CI, ) is the MAP of IL
and y CIz ) is the MAP of Iz

4CIz ) divides XIII)
.

etc
. 4 IIja) divide, 4 ftj) .

r R .
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III - II invariant charlot)
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same ecgenrakec, as A .
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quotients relative to invariant subspaces
relative annihilating polynomial.

Lemma Polynomial maps commute although matrices generallydon't
-

4,111-14114=421ANDA ) .

tenma RNAP always divide MAP.

divisors and invariant polynomials
Result withoutproof

Set XI - A) =Dnld)
-Compute the greatest common divisor of all
minors of order n- r

this define Dn - old)
deline Dnld) .

⇒if 44
) Dh - Ild )
TEF

iced)

weget the invariant polynomials .

Prost : linked to finding the companion
matrix linked to each cyclic subspace .
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Polynomial map , my element of a torsion
module over a principal ideal domain .

Choose a basis of V
, say , ez, en

denote by 4,1×1,4244
,

" '

,
KIM

the minimalpolynomials of these vectors .

Let 441 least common multiple of these
-

polynomials
Then 441 is MAP of the whole space .

( since everyfee! aime
ask in the form)

IekandnCdirect sum )
V = V, VI ⇒ no neo

-

or in common

between V
,
and Vz

except the nut

Definition : (invariant subspace ) vector.

A-subspace V
'
c V is called invariant

with respect to the operator A , if AV
'

c V
'

if x EV
'

implies AX E V
'
.

-

See

Veobrspacetendomorphism-torsimamop49.nlegregiously
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Himmler ,Ae , ,q . ? ) =P the,=fqAMaA "? . )e ,

⇒ ( N' tail-End "? .
. - tap )

is a MAP of e,



theorem : Given A a, greater,
A : Ul→V

Let the minimalpolynomial over the fickle
(field associated with the rector space V) be

41,4 and suppose
that XCX) factories

as 414=4,1d) 424)

if 4,41 and 44N are coprime then

FV, and-IVz invariant subspaces (cyclic)
such that VI V

,
⑦ Vz and

4,1N is MAPof V,

42411 is MAPof Va
.

Proof: coprimeness imply 1=4,4, -142×2
FX

,
andXz I

let XEV x = 4
,
(A) X , IA ) x + XIA ) XdAtx
--

X
"
t x

'

Let V
,
E { xeVl4dHx=o}

Vr E ( x EV 1421Atx = 03

-
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XI E V, since 4,1A ) x'= 4,4242 x
= 4Xux=Xi4x

X
"
E Vz since 42kt)×" = 0

= 42414 , X = X , 4 x = X, 0=0 .

VI and Vz have only 0 as common rector .

for it Xo E Vi & Xo C- V2

4
, Xo
=0 and 2/2×0=0

Xo = 4, X , Xo t 4242 Xo = 0-10=0
,

a contradiction

⇒ V-- Vi ④ Va

V
,

is invariant : XEV, ⇒ 4,11=0
(by defining

0=174, x=4lA× Er AXEV,

4,41 is the MAP.

suppose 4T IN 4442×-425, x'ttikx
"

is a map of V,
= O t 0=0

N

m
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coprime identity
1=4
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Since x is arbitrary ⇒ 4T 41 is MAP of V
which contradicts that y is MAPofV.

Theorem in a rector space there always-

exist a rector with MAP equal tothe one
of the whole space.V

Cale 1 .
MAP of V is apower ofa irreducible-

polynomial yl,y= few
in V choose a basis e,, ez,

. . .

,
en .

The MAP of e, is a divisor of 4h)
hence 4, = ( 44))k
Ej ⇒ 4j= ( Mlj , 5- l

;
-

yn .

but MAP of V is the least common multiple
of the Yj , Eli -in .

21 (d) coincides with the MAPofone

of the basis retort . 7h
,
4 = 4h .

⇒ eh har same MAP as V
.
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Lemmci: e
'
→ 4

,
MAP
,
i.eye --o

e
"
→ 42 MAP

,
i.e4ze=o

(in full 4, CA) 'e=4zCAle"=o) .

it 4, and Ya are coprime then

MAP of e'te " is 4,42=4

Proof : Let X an arbitrary AP of e'te "±e
He = 0

first multiply by 42 : Hix e =o

tix (e'te " ) = o

42N e 't 424 e " = o

424 e ' t Y Hae " = O
-

O

42yd =o

⇒ Hix is AP of e '

hence 424 is divisible by 4,
and coprimenai imply X is divisible by 4, .

⇒ similarly X is divisible by 42 .

⇒ X is divisible by 4

I
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Hence every AP of e is divisible by 4,42
⇒ 4,42 is MAP of e e'te ".

Proof in the general case (existence of x shoring
game DAP a, the whole
space) .

Let us decompose the MAP of V= 41X)
into irreducible factors over F

4 = 9,
" air . . - yes

4,
,

. .
.

,
Y
,
are distinct irreducible polynomials.

V = I
,
④ Iz Q r . - Ot Is

MAP of Ij
'

,
arepowers of

irreducible

polynomials, we know that

tf Ii
,
Fei having sameMAP

Hii )
Since these MAPS are

,
coprime,

the rector e = -2, ei
E- I

will have MAP equal to 4by the abore lemma .
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Quoliinthedoyuce
X E y (mod I)
(⇒ y - x c- I

it is an equivalence dais (reflexive

If igneous
.

them:÷%
.

→

A

Definition Relative minimal annihilating polynomial
RMAP

MAP : TCA ) x =o
of x
(writ . At
RNAP (modi) MA) x = o (modI) .

-
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Decomposition of a Space into cyclic invariant
- subspecies
Let pH) = XP+ x, XP

-'

t . . - t xp
MAP of a rector v.

v
,
AV
,

. . .
At

- '

v are linearly independent .

but
Atv = - xp v - xp, Av - .

. . - a
,
AP-'v

nt÷Eaimcnsimal
Definitive : such an invariant space is called

since it is generatedby asingle
vectorV.

Lemmy: ereryx⇐I is

-

representable as a linear combinationofthe
generating vectors , i.e . I polynomial XD)
nah that ×=µtdyr

Remarks. MAP of I = MAP of v

000

}

-

I

]
'



MainreiultofthelectireMaintenon

::.::¥÷i::::::÷÷:
Then FVEVhaving the same MAP (previous
theorem1) .

Let I
,
denote the cyclic inv.

Ii-spar.LY/ty..yAm-'v
if n=m , the ✓= I, and the theorem
isproved .

So let m LR
,
and let us compute the

"":i¥::i÷¥÷
Remake 4ii , i- e,

79 45-4290
yodelthis is easy since if T, is the RNAP of X

and T is MAP of V
,
then Tx =o\ But Tx -- o implies Tx E O (modI)

soooooo

t
v



so that T is a RAP of x (modI)
therefore since it is a RAP it is divisible by themei?alqY? which is the RMAP CmodI) ,

]
in V
,
F v * with RNAP (mod I,)
equal to 2/2

. (same construction
as with the MAP)

meaning that qzv* = o (modIt)
i. e ZX 4N*
let us apply 4 to both sides

442 # = 4 Xv

4,v* = 9Xv
But 4, is MAP hence 4

,
v*=o

0 = 4 X v

⇒ 44 is AP of r it is divisible by 4,
44 = 4

,M = 429M
⇒ Y = 42M

(

-

-

-

-

-

•
E

-

L



Haute becomes 4zV*= 42µV

Ha ( v* - luv) = o
let us define wEv*
so that 42W = O

42 is AP of W , and therefore
divisible by the RNAP of V* (mod It )

since WE V* (mod Ii)
Since 42 is the RNAP

, 42 is MAP .

it follows then that

span hw, Aw, . - -
A'"
'

w) is cyclic
andinvariant .

⇒ Lv
,
Av
,

' Am -'v
,
w
,
Aw
,

. .;A'
' '

w)
are tin . indep . and a basis of I Iz

if n -- Mtp 1=7 V-- It ④ Iz
and theproof is finished.

If not n > mtp iheart mod(Ii④Iz)

Bagga
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