
Annex: Calculation of Hydraulic 
Resistance using Poiseuille’s Law 

 

Let us consider a fluid flowing through a pipe. We assume that the flow is laminar. The force due to 

viscosity between the two layers of fluid shown in the figure below is given by: 

𝐹 = −𝜂𝐴
𝑑𝑣

𝑑𝑟
 

 

Where 

𝜂: viscosity of the fluid 

𝑣(𝑟): fluid velocity as a function of pipe-radius 𝑟 

For a layer: 

𝐹𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 + 𝐹𝑟 + 𝐹𝑟+𝑑𝑟 = 0                                      (1) 

The force due to viscosity can be written as: 

𝐹𝑟 = −𝜂 ∗ 2𝜋𝑟 ∗ Δ𝑥 ∗
𝑑𝑣

𝑑𝑟
|
𝑟
 

𝐹𝑟+𝑑𝑟 = +𝜂 ∗ 2𝜋(𝑟 + 𝑑𝑟) ∗ Δ𝑥 ∗
𝑑𝑣

𝑑𝑟
|
𝑟+𝑑𝑟

 

Putting these expressions in (1), we obtain: 

−Δ𝑃 ∗ 2𝜋𝑟𝑑𝑟 − 𝜂 ∗ 2𝜋𝑟 ∗ Δ𝑥 ∗
𝑑𝑣

𝑑𝑟
|
𝑟
+ 𝜂 ∗ 2𝜋(𝑟 + 𝑑𝑟) ∗ Δ𝑥 ∗

𝑑𝑣

𝑑𝑟
|
𝑟+𝑑𝑟

= 0 

For small variations over 𝑑𝑟, we can write the following using a 1st order Taylor series approximation: 

𝑑𝑣

𝑑𝑟
|
𝑟+𝑑𝑟

=
𝑑𝑣

𝑑𝑟
|
𝑟
+
𝑑2𝑣

𝑑𝑟2
|
𝑟

∗ 𝑑𝑟 

Using this approximation, and ignoring (𝑑𝑟)2 terms, we obtain: 

−Δ𝑃 ∗ 2𝜋𝑟𝑑𝑟 + 𝜂 ∗ 2𝜋𝑑𝑟 ∗ Δ𝑥 ∗
𝑑𝑣

𝑑𝑟
+ 𝜂 ∗ 2𝜋𝑟𝑑𝑟 ∗ Δ𝑥 ∗

𝑑2𝑣

𝑑𝑟2
= 0 



1

𝜂
∗
Δ𝑃

Δ𝑥
=
𝑑2𝑣

𝑑𝑟2
+
1

𝑟
∗
𝑑𝑣

𝑑𝑟
 

The solution of this differential equation is of the form: 𝑣 = 𝐴 + 𝐵𝑟2. Putting this form back into the 

above equation, we obtain: 

1

𝜂
∗
Δ𝑃

Δ𝑥
= 2𝐵 +

1

𝑟
∗ 2𝐵𝑟 

𝐵 =
1

4𝜂
∗
Δ𝑃

Δ𝑥
 

And, applying the boundary condition at the wall that 𝑣(𝑟 = 𝑅) = 0, we obtain: 

𝐴 = −
1

4𝜂
∗
Δ𝑃

Δ𝑥
∗ 𝑅2 

Thus, the final expression for the velocity profile within the pipe becomes: 

𝒗 = −
𝟏

𝟒𝜼
∗
𝚫𝑷

𝚫𝒙
∗ (𝑹𝟐 − 𝒓𝟐) 

Note that the maximum velocity is obtained at the centre of the pipe, where 𝑟 = 0. Thus, 𝑣𝑚𝑎𝑥 =

−
1

4𝜂
∗
Δ𝑃

Δ𝑥
∗ 𝑅2. 

 

Now, the flow rate is give by: 

𝑄(𝑟) =
𝑑𝑉

𝑑𝑡
 

𝑑𝑄 = 𝑣 ∗ 2𝜋𝑟𝑑𝑟 =
1

4𝜂
∗
|Δ𝑃|

Δ𝑥
∗ (𝑅2 − 𝑟2) ∗ 2𝜋𝑟𝑑𝑟 =

𝜋

4𝜂
∗
|Δ𝑃|

Δ𝑥
∗ (𝑟𝑅2 − 𝑟3) ∗ 𝑑𝑟 

𝑄 =
𝜋

4𝜂
∗
|Δ𝑃|

Δ𝑥
∗ ∫(𝑟𝑅2 − 𝑟3) ∗ 𝑑𝑟

𝑅

0

=
𝜋𝑅4

8𝜂
∗
|Δ𝑃|

Δ𝑥
 

𝑸 =
𝝅𝑹𝟒

𝟖𝜼𝒍
∗ 𝚫𝑷 

 

We can thereby deduce the resistance of the pipe as being the ratio of the pressure drop across the 

length of the pipe to the flow rate through the pipe, as follows: 

𝑹 =
𝚫𝑷

𝑸
=
𝟖𝜼𝒍

𝝅𝑹𝟒
 


