SMART GRIDS TECHNOLOGIES
MoODULE 1, LAB 2 - 03/03/2025
DFT-BASED SYNCHROPHASOR ESTIMATION:
INTERPOLATED DFT (IPDFT)

1 Organization of the lab

During the previous Laboratory session you have learned about the DFT,
about aliasing and spectral leakage and about reducing their effects. Dur-
ing this lab session you will analyse the synchrophasor estimation technique
called Interpolated DFT (IpDFT), encountered during Lecture #4. In par-
ticular, you will learn to:

e Analytically formulate an IpDFT-based algorithm for synchrophasor
estimation;

e Experimentally assess its performance.

Moreover, you will make use of the concepts you have learned so far to build
your first PMU prototype and characterize its performance.

This report will not be graded; however, its submission is mandatory.
The purpose of the questions within this document is to enhance your com-
prehension of the subject matter. Your acquired knowledge from all three
laboratories of Module 1 will be evaluated in a quiz scheduled for Mon-
day, March 17th from 9:15 to 10:00. The deadline for submission of the
reports is Sunday, March 16th at 23:55.

2 Theoretical Background

The IpDFT is a technique that enables us to extract the parameters of a
sinusoidal waveform by processing the highest DF'T bins of the related DFT



spectrum. In particular, the IpDFT enables the mitigation of the effects
generated by incoherent sampling (i.e., when the frequency of the tone under
analysis is not an integer multiple of the frequency resolution) by:

e Applying suitably shaped window functions to reduce the long range
spectral leakage effects;

e Interpolating the highest DFT bins of the spectrum to minimize the
scalloping effects.

Indeed, in case of incoherent sampling, the peak value of the continuous
spectrum of the tone under analysis is located between two consecutive DF'T
bins and can be expressed as (Lecture #4, Slide 6):

kpeak = k:m + 4 (1)

being —0.5 < § < 0.5 a fractional correction term and k,, the index of the
highest bin.

The IpDFT problem lies in finding the correction term § (and, conse-
quently, the fundamental tone’s parameters {fo, Ag,po}) that better ap-
proximates the exact location of the main spectrum tone.

Lecture #4 has defined the 2-points IpDFT algorithm for the rectangular
and the Hanning windows. For the rectangular window, the fractional term
0 can be computed by interpolating the 2 highest DF'T bins as (Lecture #4,
Slide 10):
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where:

e =41 =sgn (|X (kp + 1)| = |X (km —1)]), (3)

Consequently, the waveform parameters can then be computed as follows:

fo=(km +8)AS (4)
A .

Ao = |X (km) Sin(ﬂ'S) )
$o = LX (k) — 70 (6)

The rectangular function is characterized by the narrowest main lobe but at
the same time it exhibits the highest side lobes, i.e. those with the lowest
decay rate.



In order to reduce the effects of long range spectral leakage generated by
the side-lobe levels, IpDFT algorithms typically adopt bell-shaped windows.
The most common is the Hanning (Hann) window, as it offers a good
trade-off between the main-lobe width and side-lobe levels. In this case, the
correction term ¢ is defined as (Lecture #4, Slide 12):
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And consequently:
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The main assumptions behind the formulation of the IpDFT technique
are the following:

1. The input signal is characterized by time-invariant parameters within
the analysis window;

2. The Nyquist-Shannon sampling theorem is satisfied, i.e. no aliasing is
present;

3. The DFT bins used to perform the interpolation are only generated
by the positive image of the tone under analysis.

When any of these assumptions is not met, the IpDFT may produce erro-
neous results.

Q1/ How can you choose the analysis parameters to minimize the error
if Assumption #1 is violated. What are the undesireable consequences of
making these design choices?

In order to satisfy the first assumption when applying the IpDFT to
synchrophasor estimation, it is better to adopt shorter window lengths
containing a few periods of a signal at the rated power system
frequency. A shorter window is better because it means your
parameters are more likely to be static for the duration of the window.
However, it also means your frequency resolution is worse (Delta f
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Q2/ How can you choose the analysis parameters to minimize the error
if Assumption #2 is violated. What are the undesireable consequences of
making these design choices?

In order to satisfy the second assumption, sampling rates in the order of
few kHz must be adopted (typically an order higher than the largest
frequency component present in the signal). This means that a high
number of samples N have to be analyzed, resulting in increased
computation times.

[A2]
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Q3/ How can you choose the analysis parameters to minimize the error
if Assumption #3 is violated. What are the undesireable consequences of
making these design choices?

In order to satisfy the third assumption a technique that mitigates the
effect of the long range spectral leakage produced by the negative part
of the spectrum and other tones should be used. For instance, the use
of the Hanning window function instead of the rectangular one is
encouraged. However, this causes the main lobe to be wider, and
therefore may make it difficult to detect neighboring tones that are
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2.1 Synchrophasor Estimation Performance

According to the IEC/IEEE 60255-118-1:2018 Std., the performance of a
synchrophasor estimation algorithm can be assessed using the following per-
formance indicators:

e The Total Vector Error (TVE), i.e. the normalised Euclidean distance
between the estimated synchrophasor (Xge + jX1,,) and the reference
one (Xge + jX1m):

(XRe - XR6)2 + (le - le)2
TVE = - 100 (11)
\/ Xfe + X,

e The Amplitude Error (AE) is defined as the estimated amplitude mi-
nus the reference amplitude.



e The phase Error (pE) is defined as the estimated phase minus the
reference phase.

e The Frequency Error (FE), is computed as the absolute value of the

difference between the true frequency (f) and the estimated one (f):
FE = |f - f| (12)

2.2 References

1. Chapter 3“DFT-based synchrophasor estimation processes for Pha-
sor Measurement Units applications: algorithms definition and perfor-
mance analysis”, in the book “Advanced Techniques for Power System
Modelling, Control and Stability Analysis” edited by F. Milano, IET
2015.

2. "IEEE/IEC International Standard - Measuring relays and protection
equipment - Part 118-1: Synchrophasor for power systems - Measure-
ments,” in IEC/IEEE 60255-118-1:2018 , vol., no., pp.1-78, 19 Dec.
2018

3 LabVIEW Implementation

From Moodle, download the folder “SGT_Lab2_IpDFT” and open the Lab-
VIEW project called “SGT_Lab2_IpDFT.lvproj”. The folder “subVIs” in-
cludes the VIs you have developed during the previous laboratory session.

TASK 1 - PMU Implmentation — 2-point IpDFT: Open the
subVI called “IpDFT.vi”. Based on the provided skeleton, modify
its implementation in order to include the 2-point IpDFT
for the Hanning and for the rectangular window.

TASK 2 - Error estimation: Based on the provided skeleton,
modify the subVI called “PMU_TVEEFE.vi” to compute the error
quantities referenced in Section 2.1 above: TVE, FE, pE and AE.



Q4/ Analyse the block scheme of “PMU.vi” and describe it. How is the
reporting of the waveforms managed?

In the PMU sampling loop, the subPPS (sub-pulse-per-second) vi
supplies the reporting square wave with a period derived from the
user-defined reporting rate (Tr=1/Fr) .The Analog Input vi supplies the
sampled sinusoid waveform (simulating real measurements of a
voltage/current signal). Each new sample is used to update an array of
[A4] length N (the number of samples in the observation window). After each
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4 PMU experimental validation

Congrats! You should now have a working PMU. Let’s test it out!
Let’s first observe the windowed signal (top graph). In order to answer
questions Q6 through Q8:

e Set the window length to 5 periods at 50 Hz;
e Set the rated power system frequency to 50 Hz;
e Set the reporting rate to 10 fps;

Run the “PMU.vi” and describe the graph of the acquired waveform
in the scenarios proposed in Q6 through Q8. Explain your observations.

Q5/ Set the frequency of the generated signal to 50 Hz. Looking at the
graph of the acquired waveform, compare the results for a window length of
5 and 5.5 periods. How do the waveform and subPPS change?

When we change the window length, we determine the number of
samples to be stored and analyzed by the synchrophasor estimation
algorithm (i.e., IpDFT). The displayed waveform contains either 5 or 5.5
periods at the rated frequency (the nominal frequency of the grid is 50
Hz).

[A5]
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Q6/ Set the window length to 5 periods and the frequency of the gener-
ated signal to 50 Hz. Change the reporting rate to 10, 50 and 51 fps. How
do the waveform and subPPS change?

The considered reporting rates (10, 50 and 51 fps) correspond to a
refreshing period equal to 100, 20 and 19.61ms, respectively. By
increasing the reporting rate, we reduce the time required by subPPS to
pass from the low to high level and thus allow the data to be processed
more frequently.

[A6]
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Q7/ Set the window length to 5 periods and the reporting rate to 50
fps. Change the fundamental frequency of the generated signal to 49.9, 50
and 50.1 Hz. How do the waveform and subPPS change?

For f0=49.9 Hz, the waveform seems to be moving to the right, since the
considered window contains a number of periods lower than 5.
Conversely, for f0=50.1 Hz, the waveform seems to be moving to the
left, since the considered window contains a number of periods larger
than 5. In both cases, the higher the discrepancy between the

] fundamental frequency and 50 Hz, the faster is the side-slip of the
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Assess the accuracy of the IpDFT-based estimations of frequency, am-
plitude and phase by comparing them with the reference values.

e Fix the window length to 60 ms;
e Set the rated power system frequency to 50 Hz;
e Set the reporting rate to 50 fps;

For each case below, compare the performance of the rectangular and the
Hanning window functions. Which window performs better and why?



Q8/ A single-tone signal at 50 Hz, phase 0 rad.

The performances of both windows are totally comparable since there is
no spectral leakage (as the fundamental frequency is an integer multiple
of frequency resolution/the window contains an integer multiple of the
signal's periods).

[A8]

Q9/ A single-tone signal at 50 Hz, phase 1 rad.

As in Q9, there is no leakage, we only changed the initial phase. This
does not impact the performance of the IpDFT algorithm.

[A9]

Q10/ A single-tone signal at 49 Hz, phase 0.75 rad.

As leakage occurs (incoherent sampling), the Hanning windows proves
to outperform the Rectangular one in terms of both TVE and FE. This
result is thanks to the low side-lobes that attenuate long-range leakage
from the negative spectrum copy.

[A10] When you have incoherent sampling, the initial phase of the window
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Q11/ A multi-tone signal characterized by a fundamental tone at 50 Hz
and a 10% harmonic tone at 150 Hz (phase 0.2 rad for both tones).

Since both the fundamental and harmonic tone lie exactly on a DFT bin
(i.e. coherent sampling of both tones), there is no leakage and the
performance of the two windows are totally comparable.

[A11]




Q12/ A multi-tone signal characterized by a fundamental tone at 49.5
Hz and a 10% harmonic tone at 148.5 Hz (phase 0.8 rad for both tones).

Both tones are incoherently sampled and result in leakage.

The Hanning window improves performance, as it reduces the long
range interference coming from the negative image and the harmonic
tone (which is at a comparable distance on frequency axis).

[A12]




	Organization of the lab
	Theoretical Background
	Synchrophasor Estimation Performance
	References

	LabVIEW Implementation
	PMU experimental validation
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Poorer frequency resolution (larger delta f) is especially problematic since the energy of the DFT spectrum for power grid signals is concentrated in the lower frequency range (around 50 Hz) and the positive and negative images of the main tone will be relatively close. In such conditions and under incoherent sampling, the tails of the negative image of the main tone leak will into the positive frequency range and bias the DFT bins used to perform the interpolation (i.e., assumption 3 is not respected). This effect, also known as self interference has been shown to considerably corrupt IpDFT estimations.
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	[A3]: In order to satisfy the third assumption a technique that mitigates the effect of the long range spectral leakage produced by the negative part of the spectrum and other tones should be used. For instance, the use of the Hanning window function instead of the rectangular one is encouraged. However, this causes the main lobe to be wider, and therefore may make it difficult to detect neighboring tones that are close-by.
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	[A4]: In the PMU sampling loop, the subPPS (sub-pulse-per-second) vi supplies the reporting square wave with a period derived from the user-defined reporting rate (Tr=1/Fr) .The Analog Input vi supplies the sampled sinusoid waveform (simulating real measurements of a voltage/current signal). Each new sample is used to update an array of length N (the number of samples in the observation window). After each rising edge of the subPPS and once N/2 samples have passed so that the reporting instant coincides with the center of the analysis window, the TRUE case of the case structure is activated which triggers the occurrence function. The second loop waits for this occurrence trigger before taking the windowed signal (i.e., the last N samples) and performing the synchrophasor estimation. Thus, the synchrophasor  estimation is done with each rising edge of the report subPPS placed at the center of the analysis window. The window length and reporting rate are independent parameters. However, depending on the window length and the reporting rate, subsequent analyzed windows may include overlapping data.
	[A5]: When we change the window length, we determine the number of samples to be stored and analyzed by the synchrophasor estimation algorithm (i.e., IpDFT). The displayed waveform contains either 5 or 5.5 periods at the rated frequency (the nominal frequency of the grid is 50 Hz).

Looking at the graph, we notice that the subPPS signal is always equal to 1 at the center of the displayed waveform. Every time the subPPS passes from the low to high level and after N/2 samples have passed, the last N acquired samples (i.e. N/2 before and N/2 after the rising edge) are analyzed. This occurs independent of the considered window length.

Note that the reporting rate (Fr) is synchronized to the frequency of the waveform (50 Hz): one cycle of the reporting square wave (100 ms) contains an integer number of cycles of the signal (20 ms). Thus, the rising edge of the reporting square wave always occurs at the same position in the signal.  Consequently, the observed waveform appears stationary but is actually being refreshed by the exact same portion of the cycle.
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	[A7]: For f0=49.9 Hz, the waveform seems to be moving to the right, since the considered window contains a number of periods lower than 5. Conversely, for f0=50.1 Hz, the waveform seems to be moving to the left, since the considered window contains a number of periods larger than 5. In both cases, the higher the discrepancy between the fundamental frequency and 50 Hz, the faster is the side-slip of the displayed waveform. This phenomenon is due to the fact that the signal and the subPPS are no longer synchronous and, thus, at each iteration a different portion of signal is displayed: each rising edge of the reporting square wave lands at a different point in the signal.

When f0 = 50 Hz, the waveform does not seem to move, as we are considering an integer number of periods of a stationary signal. Actually, the waveform is updated with a period given by the selected reporting rate, but at each iteration the displayed waveform coincides exactly with the previous one.
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	[A9]: As in Q9, there is no leakage, we only changed the initial phase. This does not impact the performance of the IpDFT algorithm.
	[A10]: As leakage occurs (incoherent sampling), the Hanning windows proves to outperform the Rectangular one in terms of both TVE and FE. This result is thanks to the low side-lobes that attenuate long-range leakage from the negative spectrum copy.

When you have incoherent sampling, the initial phase of the window may result in more spectral leakage (visualize the infinite copies of the signal in the time-domain and the size of the discontinuity at the edges). This is the reason for the large oscillations in the error for the rectangular window (Q10 and Q12): since the reporting rate is not synchronized with f0, the initial phase changes for each window. Some combinations of the initial phase, the signal frequency, the window length and the reporting rate will yield a spectrum with low spectral leakage whereas other combinations will have high spectral leakage that is mitigated by the Hanning window but not by the rectangular window.
	[A11]: Since both the fundamental and harmonic tone lie exactly on a DFT bin (i.e. coherent sampling of both tones), there is no leakage and the performance of the two windows are totally comparable.
	[A12]: Both tones are incoherently sampled and result in leakage.

The Hanning window improves performance, as it reduces the long range interference coming from the negative image and the harmonic tone (which is at a comparable distance on frequency axis).


