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This is probably the most intuitive view of linear algebra and among its most useful applications

A mapping between two vector spaces, that satisfies the axiom of linearity 

<latexit sha1_base64="sGw3iYbpQE+AA/2vGSkc3OtlZD4="></latexit>

(V,F) and (W,F) two vector spaces. <latexit sha1_base64="w8E7ieNYCEBy7oGs8Xb+deUtlos="></latexit>

L : V 7! W is a linear transformation IFF
<latexit sha1_base64="eqUznKDt5E2cXgVF/sYsSBSJspw="></latexit>

L(↵v1 + �v2) = ↵L(v1) + �L(v2) 8↵, � 2 F and v1, v2 2 V

Examples:
<latexit sha1_base64="aygpK0mGU9C/lEGnGMAm9u1PNrw="></latexit>

(V,F) = (Pn,R), (W,F) = (Pn�1,R)
<latexit sha1_base64="9D0/3wqFs8z4YQgsNKj2oWMshA8="></latexit>

L(v) = v0

Most revealing is the case of a linear trans. between two euclidean vector spaces
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Most revealing is the case of a linear trans. between two euclidean vector spaces

I strongly advise you check 3blue1brown’s youtube channel 
“Essence of Linear Algebra”, for great pedagogical visualisations

Classic: a linear transformation of vectors, visualised as “arrows”

“Unfortunately, no one can be told what the Matrix is. 
You have to see it for yourself.” 
Morpheus
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Linear System and Linear Dynamical System

<latexit sha1_base64="3RYDRqyyKThinLmMiyBgV9W+0rg="></latexit>

d

dt
x(t) = Ax(t), x 2 Rn and A 2 Rn⇥n

Examples:
<latexit sha1_base64="Vmvyf3DopAPAg2fFJlTtqJ5tNZM="></latexit>

n = 1,
d

dt
x(t) = ax(t) ) x(t) = x(0)eat reminds you of something ?

<latexit sha1_base64="0qFKUcNURQDR/1RkamXDjAXe/mA="></latexit>

d

dt
x1(t) = a11x1(t) + a12x2(t)

d

dt
x2(t) = a21x1(t) + a22x2(t)

n = 2,

Linearised “predator-prey” model

predation
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A mapping between two vector spaces, that satisfies the axiom of linearity 
<latexit sha1_base64="sGw3iYbpQE+AA/2vGSkc3OtlZD4="></latexit>

(V,F) and (W,F) two vector spaces. <latexit sha1_base64="w8E7ieNYCEBy7oGs8Xb+deUtlos="></latexit>

L : V 7! W is a linear transformation IFF
<latexit sha1_base64="eqUznKDt5E2cXgVF/sYsSBSJspw="></latexit>

L(↵v1 + �v2) = ↵L(v1) + �L(v2) 8↵, � 2 F and v1, v2 2 V

If you decorate the two vector spaces with bases V and W
<latexit sha1_base64="FzTQ7lFyQGYuceuCJfnfPmYvFSU="></latexit>

8u 2 V
<latexit sha1_base64="mYkdPHTtj+7eb12d17Z4UiQ/iyA="></latexit>

u =
X

i

↵ivi

<latexit sha1_base64="4onlCoZa7dgVdOx8orLvL8aBCVM="></latexit>

Lvi 2 W
<latexit sha1_base64="fhpN46Nu2dMMtkAIL4yHTrxVJxA="></latexit>

Lvi =
X

j

wj�ji

= WBi

<latexit sha1_base64="VWSvELx2YBhEo3mPx6UivecdK38="></latexit>

Lu = (LV )↵

= WB↵

<latexit sha1_base64="QQuou61nSyga/TM6bVd8S5wJvQ8="></latexit>

Lu =
X

i

↵iLvi = (LV )↵

i-th column of B

<latexit sha1_base64="5PN2YlK/BjJWrYwJZEQ8qqr7wu0="></latexit>

concatenate all vectors Lvi as matrix LV

<latexit sha1_base64="QQUKndONCswjukbqnQsbFaTjpxg="></latexit>

L = WB

holds ∀α
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<latexit sha1_base64="VWSvELx2YBhEo3mPx6UivecdK38="></latexit>

Lu = (LV )↵

= WB↵

In particular for two euclidian vector spaces 

pick canonical bases
<latexit sha1_base64="me18jfOOZ4ttldXoOZXB2vuFytM="></latexit>

L = B 2 Rm⇥n

any matrix is a linear transformation  
between two vector euclidean spaces

what happens if we change basis ?

<latexit sha1_base64="ZYhv8kzXGOvrrsMSZ+gG2NMf39Y="></latexit>

V = Rn, W = Rm
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<latexit sha1_base64="5635e4t9p7a9eZVL5dZDsKoi59o="></latexit>

A : V ! W a linear transformation

The range (or the image) of A
<latexit sha1_base64="O9ZbG5myftZnbgavrswvDmOB/L8="></latexit>

R(A) = {w 2 W : w = Av for some v 2 V}
<latexit sha1_base64="Xy+JKJjHBTH5PoYFElG/oMNWKiA="></latexit>

R(A) = {Av : v 2 V}

The nullspace (or the kernel) of A
<latexit sha1_base64="xgxeKAcY0N4j02cr23cpO1/p84Y="></latexit>

N (A) = {v 2 V : Av = 0}
<latexit sha1_base64="E0GeUIWtBj/pn19QW1qJhzzD8hI="></latexit>

N (A) ✓ V

<latexit sha1_base64="6GQRr0a4+CHXNzTtyuOQrPJq33s="></latexit>

R(A) ✓ W

<latexit sha1_base64="vWwSSW2SPM/J1SW3q3g5KS41L4U="></latexit>

A 2 Rm⇥n, A = [a1, . . . , an] ) R(A) = Sp(A)
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For any 
<latexit sha1_base64="4qygFeOItGXXaPdrFwc/AGfDKd0="></latexit>

x 2 N (A)

<latexit sha1_base64="T48JyA79ed7ZitDdlattDnmcrlE="></latexit>

Ax = 0 ) yTAx = 0 8y 2 Rm

) (AT y)Tx = 0

) x 2 R(AT )?

<latexit sha1_base64="qx8L4K1QqxLOlCUeuqOojEbNf+I="></latexit>

N (A)? = R(AT )

For any 
<latexit sha1_base64="hpnkWZQXoEkIvdascPSITXnqAc8="></latexit>

y 2 N (AT )

<latexit sha1_base64="ss9GlZJcRAwYCFVFIkF/UZZ+Fu4="></latexit>

AT y = 0 ) xTAT y = 0 8x 2 Rn

) (Ax)T y = 0

) y 2 R(A)?

<latexit sha1_base64="aJQnjZIQlfCmdKm9YfugE3Y6ALM="></latexit>

R(A)? = N (AT )
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Why are they so “fundamental” ?

They are linked to fundamental properties of A as a linear transformation
<latexit sha1_base64="wJjopwrOqferdC3mOGtLHgCdFDQ="></latexit>

Let A : V ! W
<latexit sha1_base64="y6mTzxljJeu4oCoQwwjl0v7aXfA="></latexit>

A is onto (or surjective) if R(A) = W
<latexit sha1_base64="ZuFeLsAeUOged915B7Kkzwo3sAg="></latexit>

A is 1-to-1 (or injective) if N (A) = 0

<latexit sha1_base64="Ski5nSxIOIgaRVn8GDM9JHT2I68="></latexit>

a)Av1 = Av2 ) v1 = v2

b) v1 6= v2 ) Av1 6= Av2

Equivalently:
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<latexit sha1_base64="wJjopwrOqferdC3mOGtLHgCdFDQ="></latexit>

Let A : V ! W
<latexit sha1_base64="y6mTzxljJeu4oCoQwwjl0v7aXfA="></latexit>

A is onto (or surjective) if R(A) = W
<latexit sha1_base64="ZuFeLsAeUOged915B7Kkzwo3sAg="></latexit>

A is 1-to-1 (or injective) if N (A) = 0

The dimension of these subspaces is of particular significance !

<latexit sha1_base64="gjmoE3tVPf8l9d7Sp2EF//yeHws="></latexit>

rank(A) = dim(R(A)) and is the maximum number of independent columns
column rank!

<latexit sha1_base64="FMvWG95LvL2/aM+SDAQdm68U02o="></latexit>

dim(R(AT ))

<latexit sha1_base64="XouMFDfWQQe9+tw1vkwbmC1v/n4="></latexit>

nullity(A) = dim(N (A))

is the maximum number of independent rows row rank!Note:
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And all these characterisations are equivalent !
<latexit sha1_base64="17OVHKM8XN1VEFSmM4kwRPbnIDU="></latexit>

dim(R(A)) = dim(N (A)?) = dim(R(AT ))

row rank of A = column rank of A = n - nullity(A)

<latexit sha1_base64="0pMSk5ec9sP6cq6/mOs5e5T/s9Y="></latexit>

A : Rn ! Rm

Second part of theorem already proved before.
Consider the restriction:

<latexit sha1_base64="zzo3g8In5RUrTAlkNza+I1rnCYE="></latexit>

T : N (A)? ! R(A)
<latexit sha1_base64="Sn/Emt/abS23Sfd9bnNHWF8ieMs="></latexit>

Tv = Av 8v 2 N (A)?

Show thatT is bijective
<latexit sha1_base64="A3VQ+0HEp5n3sRopoMCNS9k/4N8="></latexit>

Any basis of N (A)? is mapped to a basis of R(A) by T
<latexit sha1_base64="1Srr7UOhYHKMfwY7cgHMws1kvTE="></latexit>

) dim(N (A)?) = dim(R(A))
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<latexit sha1_base64="6/Y8wKK3XUcYmNc1HjDwhsH87bQ="></latexit>

N (A)?

<latexit sha1_base64="3zrXL3xFSWuUNyXGMrrXIXlAmP0="></latexit>

N (A)

<latexit sha1_base64="NF79MgAXWrbr3KH3+6jn7RxUNLs="></latexit>� <latexit sha1_base64="FFMJmyIggId2TFbFtpmT9eG0tqE="></latexit>

{0}

<latexit sha1_base64="IjLCqOaVcZuXtElgSly6HYMjrV8="></latexit>

R(A)

<latexit sha1_base64="HoKKykBMfsi0LLadQcNo/hvNiI4="></latexit>

R(A)?

<latexit sha1_base64="u9qpzrf+Ed4d8ZuQWgasEjyQdIU="></latexit>

{0}
<latexit sha1_base64="VU7NbOO7pC1s8QTpgS5K5OgTV38="></latexit>�

<latexit sha1_base64="/d5/Dnpq/M+iSfFkE93+6NLBNq0="></latexit>

A : Rn ! Rm

<latexit sha1_base64="mn8tkLBgRKRrj7deIDPYraP6AFQ="></latexit>

AT : Rm ! Rn

A

A

<latexit sha1_base64="PSwdsqFFvejVwwvKfgma6KBR9i4="></latexit>

N (AT )

<latexit sha1_base64="6fkcmjJ6Vti9VGTiqQRT72VngGU="></latexit>

R(AT )
<latexit sha1_base64="CgI23HIQCBxxZQ6c6HoHUlGegH0="></latexit>

N (AT )?

<latexit sha1_base64="UKiUZHPxHQPOCRhSQQu6EaP20TI="></latexit>

R(AT )?

A T

AT

<latexit sha1_base64="fUXXzmoth8lbjFDsE1nQS16o9uI="></latexit>

Rm<latexit sha1_base64="fMiyFcP+mL8u0rdApgZfrsAgQ38="></latexit>

Rn

dim = r

dim = n-r

dim = r

dim =m-r
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A linear transformation is invertible if and only if it is bijective (1-1 and onto)

ex:
<latexit sha1_base64="zzo3g8In5RUrTAlkNza+I1rnCYE="></latexit>

T : N (A)? ! R(A)
<latexit sha1_base64="Sn/Emt/abS23Sfd9bnNHWF8ieMs="></latexit>

Tv = Av 8v 2 N (A)?

Consider
<latexit sha1_base64="5md41x5+uy4uIFmqdfw9KBnglL4="></latexit>

A : Rn ! Rn and suppose it has n linearly independent columns
<latexit sha1_base64="fJt1uZvfWGWX66PcK8vPc3PUSXA="></latexit>

R(A) = Rn

<latexit sha1_base64="wUzwiiRWrN0nXgAAkHQShQSWo/U="></latexit>

8y 2 Rn 9x1, ..., xn s.t. y = a1x1 + · · ·+ anxn
unique 
A is 1-1

full-rank 
A is onto

<latexit sha1_base64="PCGdc2GQw+r/e4zC9pC2/pJVit8="></latexit>

y = Ax depends on A and y
<latexit sha1_base64="bmmkNsHzlxCpkrhuL2oT99kwP7c="></latexit>

x = A�1y
linear

<latexit sha1_base64="4JM58DJqwwhE4Up7F970y6kIIMw="></latexit>

A : V ! W is invertible if and only if it is bijective.
<latexit sha1_base64="4QkWjHpcrvYq1hhP0Wje+BhaZ78="></latexit>

If A is invertible then dim(V) = dim(W)
<latexit sha1_base64="5md41x5+uy4uIFmqdfw9KBnglL4="></latexit>

A : Rn ! Rn is invertible (non-singular) if and only if rank(A) = n
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