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A bit of bookkeeping

2

Weekly: 2hrs lecture and 2hrs exercises 
Slides will be available prior to the lecture on Moodle 
There will be blackboard examples  
Exercises will be (mostly) numerical, using python 
We will use notebooks on the EPFL Noto platform 
There will be a small introduction to all this ! 
Beyond basic python and Numpy, you hardly need anything else 
Each week we will either provide a notebook to experiment with or  
give instructions to code your own notebook 
There will be a mid-term and a final exam, counting 40-60



Notations
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<latexit sha1_base64="teHcuq4zWhM9BLDbt60+MLN9tSc="></latexit>

Rn the set of n-tuples or column vectors
<latexit sha1_base64="xtYcwMVVCr370fMxszWhLYePps0="></latexit>
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<latexit sha1_base64="EWmdn1OFC+Gm5plQ8ZsPaEPal6g="></latexit>

xi 2 R
<latexit sha1_base64="d71RpH37WnxN3Cln+Dh3t020LFU="></latexit>

x 2 Rn

vectors are always column vectors and row vectors are transposed, i.e
<latexit sha1_base64="uOim9GLvGucIFtVhNy50Ay+2oAU="></latexit>

yT

likewise with complex-valued entries
<latexit sha1_base64="F4x2xm8zEnC5o1SWjLkmt7H9fVI="></latexit>

Cn

<latexit sha1_base64="L1gk+sqgXXmq7Wq/n9lXg7gmy6k="></latexit>

x is the vector of complex conjugates
<latexit sha1_base64="/VnuXNp6BhxaPif8pNS5KVnTrZ0="></latexit>

xH is the transposed and conjugate vector



Notations

4

<latexit sha1_base64="RyYfscYTY3TOfX64MjVBokHBoww="></latexit>

Cm,n

is the set of real-valued m-by-n matrices (m rows, n columns)
<latexit sha1_base64="hJzj2IsgpzaI235NTtbKva7JnEk="></latexit>

A 2 Rm,n, (A)ij = aij 2 R

likewise with complex-valued entries

<latexit sha1_base64="S0dscZz18qgAGrIIhqLW82RuDX4="></latexit>

(AT )ij = aji

<latexit sha1_base64="Y29vH6QivPf1wZ4y8kSIYK/FctA="></latexit>

(AH)ij = aji 2 C

<latexit sha1_base64="ERsjx8JqhR9a9R7cPIDZqp29Q8c="></latexit>

A = AT

<latexit sha1_base64="CwNWbAXnMxNQ53po31S82gOlYn4="></latexit>

A = AH

symmetric matrix
hermitian matrix

<latexit sha1_base64="27VF9dUEla28OrB4zyFTxcwj5i8="></latexit>

Rm,n or Rm⇥n



Multiplications: matrix-matrix, 
matrix-vector, vector-vector
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Everything is matrix-matrix! But some useful particular cases 

A and B are compatible for multiplication
<latexit sha1_base64="dF8mmXIjRlmm7ptHIy+ENL+03Rg="></latexit>

A 2 Rm⇥p
<latexit sha1_base64="Gmb16Os6HRBBusI0dpSapoinf9o="></latexit>

B 2 Rp⇥n
<latexit sha1_base64="XPt1n3czpHj8o3LRFJD9Jzt7PeA="></latexit>

AB 2 Rm⇥n

<latexit sha1_base64="MRH7frZaygxyuEFOOFPuSwgiG6k="></latexit>

x, y 2 Rn ! xT y = yTx 2 R
<latexit sha1_base64="c6zWaQn6DjdrF28noMHWh0Yq5Rs="></latexit>

x, y 2 Cn ! xHy = yHx 2 C

Real and Hermitian dot products, inner products or scalar products

Outer products
<latexit sha1_base64="O356rPP+XHPKK/xIu3uiBY8/kUI="></latexit>

x 2 Rm y 2 Rn ! xyT 2 Rm⇥n
<latexit sha1_base64="D8HZHII2snkotMohF0zW0PfqeRk="></latexit>

x 2 Cm y 2 Cn ! xyH 2 Cm⇥n

both “products” will play fundamental roles later on !



Two views of matrix-vector mult
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<latexit sha1_base64="Qp/Hz80RcIu1X5eRKiUomTSMHXI="></latexit>

A 2 Rm⇥n <latexit sha1_base64="i8Q4gCvji8n9CK0cYpCFSjowk/U="></latexit>

x 2 Rn

<latexit sha1_base64="N0edtTo7JRxYKHx5S8AHboZ42as="></latexit>

A = [a1, . . . , an], ai 2 RmColumn view: the columns of A
<latexit sha1_base64="7n8v3P6FpnjBwHrVcgNnB5QXa6k="></latexit>
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1

CA =
nX

i=1

xiai 2 Rm

Row view:

linear combination 
of columns

<latexit sha1_base64="aGyx+tr2tYI5vyYAgrS4Wb+9DD4="></latexit>
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T �
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� amT �

1

CA
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1
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0

B@
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1

CA
m-tuple of products of 
rows of A with x

<latexit sha1_base64="aW9RDvyjfc1IpMfiiQlQv4CvNlw="></latexit>

A = [a1
T
. . . amT ], ai

T 2 Rn the rows of A (seen as transposed vectors!)



Scalar (inner) products, 
orthogonality
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<latexit sha1_base64="cwxagvLsJbhXJOhpDWxwDw0RpuE="></latexit>

x, y 2 Rn

<latexit sha1_base64="wVe8i2fT91ENpQP3GTOiFx+vK3c="></latexit>

hx, yi ⌘ xT y =
nX

i=1

xiyi

<latexit sha1_base64="5g4V6zntahEiwGd40+ElY8ShaBo="></latexit>

x, y 2 Cn

<latexit sha1_base64="6dDms4ik5snGq8ydDAr1Yrf5yBs="></latexit>

hx, xi = 0 i↵ x = 0

<latexit sha1_base64="cKY0x67Qrw0d1rP+efmsZ8DUSdg="></latexit>

hx, yiH ⌘ xHy =
nX

i=1

xiyi

<latexit sha1_base64="Ca/BzywYLckHsu1QX59Y21kRSMo="></latexit>

hx, xiH = 0 i↵ x = 0

Orthogonal vectors:
<latexit sha1_base64="sjQh6kFu8XeyQPksgyQHG4ytR40="></latexit>

hx, yi = 0 or hx, yiH = 0

Orthogonal matrices:
<latexit sha1_base64="BXJocwcyY94EdunFrCz5ivUnCeE="></latexit>

A 2 Rn⇥n such that ATA = AAT = In

Unitary matrices:
<latexit sha1_base64="zmsb+NkYr+3peare2ctFc6XLZNU="></latexit>

A 2 Cn⇥n such that AHA = AAH = In



Vector Spaces
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(essentially finite dimensional ones)

Motivation: abstraction of the more intuitive euclidean case, but allows to work  
                   with other interesting objects such as functions 

two operations

<latexit sha1_base64="fo8IHRu2n8BPKMgYomHXYvyXJZM="></latexit>

A vector space over a field F is
<latexit sha1_base64="8toc3XmwNmLM1F9iF5QuwTEQCIM="></latexit>

a set of vectors V

<latexit sha1_base64="XFNStl0G0S7Fd7DAWRymq3cdBZY="></latexit>

+ : V ⇥ V 7! V
<latexit sha1_base64="77HhIuv53ScFDkoxiMfE8d/AiOo="></latexit>

· : F⇥ V 7! V

vector addition

mult. by a scalar



Vector Spaces
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<latexit sha1_base64="4RYXhqZtvJL6xuxwNr0uexRdZbU="></latexit>

(V,+) is an abelian group
<latexit sha1_base64="+XQlRp6uYKNxP12vm4kdwpCPcBI="></latexit>

(↵�) · u = ↵(� · u) 8↵, � 2 F and 8u 2 V
<latexit sha1_base64="nNQx2RoCUG1rNsllN5EGqu5s4SU="></latexit>

(↵+ �) · u = ↵ · u+ � · u 8↵, � 2 F and 8u 2 V
<latexit sha1_base64="02iqrTeLyTbRjP5Xz0zmUd4TkWU="></latexit>

↵ · (u+ v) = ↵ · u+ ↵ · v 8↵ 2 F and 8u, v 2 V
<latexit sha1_base64="cqXoSybaYWGj5OdVlULJLIeSrcM="></latexit>

1 · u = u, 8u 2 V and 1 is neutral element of product over F

two operations

<latexit sha1_base64="fo8IHRu2n8BPKMgYomHXYvyXJZM="></latexit>

A vector space over a field F is
<latexit sha1_base64="8toc3XmwNmLM1F9iF5QuwTEQCIM="></latexit>

a set of vectors V

<latexit sha1_base64="XFNStl0G0S7Fd7DAWRymq3cdBZY="></latexit>

+ : V ⇥ V 7! V
<latexit sha1_base64="77HhIuv53ScFDkoxiMfE8d/AiOo="></latexit>

· : F⇥ V 7! V



Examples
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<latexit sha1_base64="NmKf7GN7JlBrESrNB9bHawgTd1g="></latexit>

V = Rn and F = R

<latexit sha1_base64="jxdMJ3qXQMBLXIkpyFY8v71DzFc="></latexit>

u+ v =

0

B@
u1 + v1

...
un + vn

1

CA

<latexit sha1_base64="iEU9fp3hRN3vLR3bcr5hyVZSrXo="></latexit>

↵ · u =

0

B@
↵u1
...

↵un

1

CA

The set of polynomials of order n with coefficients in <latexit sha1_base64="cKbBSqaAuR/2lV0zy0JSrYGFqP0="></latexit>

F

<latexit sha1_base64="c9Hem7hp1tz/XpMmPKcSQ1KskKw="></latexit>

V = Rm⇥n and F = R
<latexit sha1_base64="6UD0yug7mgKmw9usi5V/XrnjULQ="></latexit>

(A+B)ij = aij + bij and (↵ ·A)ij = ↵aij

Rem: when there is no risk of confusion we will save the product sign for other  
        operations and simply write  or αu αA



Subspaces
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Part of a vector space that is closed under the natural operations.  
Will play a major role when we discuss (in particular) linear applications. 
More formally: 

<latexit sha1_base64="mbDOtxSUsBON3/67WrUSGOadXAA="></latexit>

(V,F) a vector space.
<latexit sha1_base64="0u/GDcTtt5CzgAjAs04QKXeQNzY="></latexit>

(W,F) is a subspace of (V,F) IFF
<latexit sha1_base64="bDKzW+3kAVZ1xz1QWRhPPG7P6YU="></latexit>

↵w1 + �w2 2 W 8w1, w2 2 W and 8↵, � 2 F

Rem: it is equivalent to saying it is itself a vector space

<latexit sha1_base64="dw+qlg9nKdzyCPmHjG3zGnts3Qw="></latexit>

W ✓ V, W 6= ;.



Linear independence
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Motivation: Somehow measure the “size” of a vector space or of a subspace

a collection of k vectors 
<latexit sha1_base64="ZaHjxugoYoT+OAaPKhUq5fxpd2Y="></latexit>

X ⌘ {v1, . . . , vk}, vi 2 V

Suppose there exists scalars <latexit sha1_base64="8qlIsCPzzSQHq6C/Dkkgp8fQVrY="></latexit>

↵1, . . . ,↵k 2 F not all zeros such that
<latexit sha1_base64="y+c6D8xvneRuzl5sFbSVdJrgRMs="></latexit>

↵1v1 + . . .+ ↵kvk = 0

For instance  then:α1 ≠ 0
<latexit sha1_base64="HQ/F02cmkDufBzuTpC1IM2iENHQ="></latexit>

v1 = �↵2

↵1
v2 � . . .� ↵k

↵1
vk

At least one vector in X can be expressed as a linear combination of the others

X is a linearly dependent set of vectors



Linear independence

13

X is a linearly independent set of vectors if the equation 
<latexit sha1_base64="y+c6D8xvneRuzl5sFbSVdJrgRMs="></latexit>

↵1v1 + . . .+ ↵kvk = 0

can only be satisfied for <latexit sha1_base64="V7SZFd92zqeJECQMalmQPzELXMY="></latexit>

↵1 = . . . = ↵k = 0

Examples: Pauli matrices  
Monomials form a linearly independent family of vectors for the 
vector space of finite order polynomials  
A homogeneous system of equations





Span, Basis, Dimension
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Where linear independence gets us where we wanted

Let X be a collection of vectors <latexit sha1_base64="GOlkZS1o3ETQHCVGXuTU75ORgBM="></latexit>

vi 2 V

The span of X is the set of all vectors that can be represented as lin. comb. of X
<latexit sha1_base64="AHQfOlkz5PngkCi/yYDabJH4MrY="></latexit>

Sp(X) = {v : v = ↵1v1 + . . .+ ↵kvk, ↵i 2 F}

<latexit sha1_base64="rHjXrIB1QwH/EO+ytTBZEd6s2S8="></latexit>

X is a basis for V IFF

X is a linearly independent set, and
<latexit sha1_base64="/xJKU1VYm7Nu4TOHTflYOXbYWcA="></latexit>

Sp(X) = V



Span, Basis, Dimension
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<latexit sha1_base64="rHjXrIB1QwH/EO+ytTBZEd6s2S8="></latexit>

X is a basis for V IFF

X is a linearly independent set, and
<latexit sha1_base64="/xJKU1VYm7Nu4TOHTflYOXbYWcA="></latexit>

Sp(X) = V

This means you can write <latexit sha1_base64="8khBFetkDKX2e21cz2H4J8w2GLw="></latexit>

v = X↵, 8v 2 V with unique coefficients α

The number of elements in a basis is independent of the basis  
It is therefore a characteristic of the vector space spanned by the basis 
called its dimension (note the space can be infinite dimensional)



Sums, intersections of subspaces
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<latexit sha1_base64="4YMShtmbpirYH8EkKjgX6Pg8ew4="></latexit>

Let R, S 2 (V,F)
<latexit sha1_base64="89+wHu1bhl6v9zxTA9oWWUbRRY0="></latexit>

R+ S = {r + s : r 2 R, s 2 S}
<latexit sha1_base64="MsEO6yz6z4/ISb0aTTVU5NVbi6Y="></latexit>

R \ S = {v : v 2 R and v 2 S}
Subspaces!

<latexit sha1_base64="TaFQ5x9DYMZgXtnjNBAX89L+ONA="></latexit>

R [ S not necessarily subspace

<latexit sha1_base64="giJVtNHPM9vL+QwshUFA6GRSTwM="></latexit>

R1 + · · ·+Rk ✓ V
<latexit sha1_base64="p+F0ma8rjne4GYrdnwYgU9QPsbQ="></latexit> \

k2A

Rk ✓ V

The direct sum of two subspaces is a subspace
<latexit sha1_base64="MujkjrFlXk3cR/c5g7CAvxZS5bU="></latexit>

T = R� S
<latexit sha1_base64="08hNW+L/ma0RBF+fC4+0PyTlm9M="></latexit>

R \ S = 0
<latexit sha1_base64="yZx1wPhSouk6CL5shNf5fOWX5Qc="></latexit>

R+ S = T

<latexit sha1_base64="DLQzafqlDhajTzm2ArEfEvN8J8g="></latexit>

t = r + s uniquely 8t 2 T , r 2 R, s 2 S
<latexit sha1_base64="4xdn358sSRXn63N5bThyd+iMcmg="></latexit>

dim(T ) = dim(R) + dim(S)



Inner product, orthogonality
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Vector spaces over  or  are sometimes endowed with an inner product ≠ ℝ
<latexit sha1_base64="+3MTyzbKOgqgEADkgTM0EDijGHQ="></latexit>

h·, ·i : V ⇥ V ! F
<latexit sha1_base64="+g4hLYTWpkUPT8VZkBtQPWmln4k="></latexit>

8u, v, w 2 V and ↵ 2 F

<latexit sha1_base64="JTBTL7GF26pbpmsMvoFJa35g8Ww="></latexit>

hu+ v, wi = hu,wi+ hv, wi

<latexit sha1_base64="lGuEQw18or4zqubtqHFLZCmXe3k="></latexit>

h↵u, vi = ↵hu, vi

<latexit sha1_base64="SxnWaEEH27QyAveAFGA7vWLt0bk="></latexit>

hu, vi = hv, ui
<latexit sha1_base64="MlTSsD9U3bsn2OEaI/kKvRjtQHA="></latexit>

hu, ui > 0
<latexit sha1_base64="5BYzIDthlOYeLN3PxHUD6xHDIKc="></latexit>

hu, ui = 0 ) u = 0

A set of non-zero vectors  is orthogonal if  for {v1, …, vk} ℂvi, vj⟨ = 0 i ⟩ j

It is orthonormal if  ℂvi, vj⟨ = δij

Important example: Euclidean “dot” product
<latexit sha1_base64="5lafxTvUta/VKfhcqD7QfLLUd9w="></latexit>

u, v 2 Rn
<latexit sha1_base64="7wqYxwXFuISR3NJh1Ql8iIFLTqA="></latexit>

hu, vi = uT v

=
nX

i=1

uivi



Orthogonal complements
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<latexit sha1_base64="qT15/GLFxzpg/E2CQnjPos8IbSg="></latexit>

Let the set S ✓ V . The orthogonal complement is defined as:
<latexit sha1_base64="POQXy0VznVIMzYkzMJ6bX3G/vgI="></latexit>

S? = {v 2 V : hv, si = 0 8s 2 S}

<latexit sha1_base64="Y9QOlJx6nJHkvXDwqO4hcJSYygE="></latexit>

S? ✓ V

<latexit sha1_base64="UYVrPPvMD5z/+z/H7YXFaIzKmTo="></latexit>�
S?�? = S

<latexit sha1_base64="JXSMuKM/wg+xbouQ7rWag3stgo4="></latexit>

S � S? = V

<latexit sha1_base64="4Vk6bhXPCwOY0RsdTjWPeIqM3MY="></latexit>

R, S ✓ VSome properties for 
<latexit sha1_base64="PwHeUL/JwS05tEkfRZADF3EbDbk="></latexit>

R ✓ S IFF S? ✓ R?

<latexit sha1_base64="wG3qInArT/mMdbyAw+h3gXiVZRs="></latexit>

(R+ S)? = R? \ S?
<latexit sha1_base64="eWDoZLr8paEDCd8XqzIoZXIJMTM="></latexit>

(R \ S)? = R? + S?



The Discrete Fourier Basis
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The set of k-dimensional complex-valued vectors
<latexit sha1_base64="3MqhA04nDOEyk2k/q5Ek754DHaU="></latexit>

vk[n] = ej2⇡
kn
N

k, n ∈ 0,⋯, N − 1

Is an orthogonal basis of  called the Discrete Fourier BasisℝN

Change of basis:
<latexit sha1_base64="6Eht3JKK8lzAnEfV4WpooXGEyPc="></latexit>

f =
N�1X

k=0

(vH
k
f)vk

<latexit sha1_base64="aS4cisAS93djm5Y4BviIVtiB9lU="></latexit>

F [k] = vH
k
f =

N�1X

n=0

e�j2⇡ kn
N f [n] Discrete Fourier Transform


