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The Geometry of a Linear Map

2

A (a linear map)

 (scaling along 

coordinate axes)
Σ

V rotation to 
align to the 
principal axes

U final rotation



The SVD!
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<latexit sha1_base64="yjOyV8Xm35nC2fgr/0Tiy+6sEjs="></latexit>

A 2 Rm⇥n
r

There exists orthogonal matrices 
<latexit sha1_base64="xzO1qkcPVswXbDbgiEvosRDaM0Q="></latexit>

U 2 Rm⇥m and V 2 Rn⇥n such that
<latexit sha1_base64="pp85Y8GTequ2KH+b8SrvmxYfbl4="></latexit>

A = U⌃V T

<latexit sha1_base64="Ysq8vME0SFgE0iL4xLEtFeMTXlw="></latexit>

where ⌃ =


S 0
0 0

�
, S = diag(�1, . . . ,�r) 2 Rr⇥r <latexit sha1_base64="eYr+6xftE585XDazrW+2TcVRj2k="></latexit>

and �1 > �2 > . . .�r > 0

Let

<latexit sha1_base64="Kdsm6Gv3R9WI7IEm7dSR0NvAqok="></latexit>

A = [U1 U2]


S 0
0 0

� 
V T
1

V T
2

�

= U1SV
T
1

<latexit sha1_base64="quMrJV9RPkVk2HIXSIZ5+rSIjoo="></latexit>

U1 2 Rm⇥r
<latexit sha1_base64="rWEaYuOfBu1PXukwG2UTqTsM9D0="></latexit>

V1 2 Rn⇥r rotations/reflections in r-dimensional subspaces of  and   ℝm ℝn



Geometric Interpretation
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A (a shear)

 (scaling along 

coordinate axes)
Σ

<latexit sha1_base64="YNcFOefJ6g4jCNImpN9nigcz7rM="></latexit>

V T
1

<latexit sha1_base64="bTzo+l/RS4VSqRx8AniBe0ykom4="></latexit>

U1



Some SVD terminology
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 are the singular values of A. {σ1, σ2, …, σr}
<latexit sha1_base64="ywgbQncXdTG1HaaJYVyPlk640uI="></latexit>

�i =
q

�i(AAT ) =
q
�i(ATA)

The columns of U are the left singular vectors and orthonormal eigenvectors of AAT

The columns of V are the right singular vectors and orthonormal eigenvectors of AT A

Singular values are uniquely defined by A

But not singular vectors ! (although their span is)



Singular Vectors Basis
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The left and right singular vectors provide useful basis of  and ℝn ℝm

<latexit sha1_base64="dXfDmwsTzlC7YefF4MfWZcF6gwM="></latexit>

x 2 Rn and x = V ↵
<latexit sha1_base64="29qgpvIbPM/evq0ta/ZLjiwH9+Q="></latexit>

y 2 Rm and y = U�

Suppose y = Ax then  β = Σα

<latexit sha1_base64="gLgpPTAB0I56fWlbWwPjmV0PDYA=">AAAGfnicnZTfb9MwEMe9wcoovzZ45OVENTTQKE2FYA9MbBqTeBplW7tJTVc5rpN6i51gOxtTln+Gv4ZXeONP4L/AyYpY6vRlJ7U6ff25893ZjheHTOlW6/fc/K3bC7U7i3fr9+4/ePhoaflxT0WJJLRLojCSRx5WNGSCdjXTIT2KJcXcC+mhd7qdrx+eUalYJA70RUwHHAeC+YxgbaTh0vstcJkAd8/zjlMOrmacKhCZ8eg3LX </latexit>

A 2 Rm⇥n with SVD A = U⌃V T

Expressed on these bases, the matrix is diagonal !
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SVD and the fundamental subspaces
Let  and A ∈ ℝm×n

r A = UΣVT

<latexit sha1_base64="WpJQ+Ls57gk1LbFLqeebZIpNGgI="></latexit>

A =
rX

i=1

�iuiv
T
i and A has rank r (# non-zero singular values)

sum of rank 1 matrices

Using this decomposition we easily see:
<latexit sha1_base64="ks0d5bMJ/vYMtp1EYiOmZVix3s0="></latexit>

Avi = �iui
<latexit sha1_base64="/lMsWLem6ZzrSPWlrwarLBfc+B0="></latexit>

ATui = �ivi

Using the Penrose conditions we see:
<latexit sha1_base64="APiC4s6VvhhzaANvcLfl2KYSxMM="></latexit>

A+ = V ⌃+UT , where ⌃+ =


S�1 0
0 0

�

<latexit sha1_base64="NBn/Ktzq9Yeq3BOKoJXPdclFJMY="></latexit>

A+ =
rX

i=1

1

�i
viu

T
i
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SVD and the fundamental subspaces
Let  and A ∈ ℝm×n

r A = UΣVT

<latexit sha1_base64="WpJQ+Ls57gk1LbFLqeebZIpNGgI="></latexit>

A =
rX

i=1

�iuiv
T
i

<latexit sha1_base64="ezZD5LjNxi1excdYv5rohHHx164="></latexit>

AT =
rX

i=1

�iviu
T
i

U1 = [u1, …, ur] U2 = [ur+1, …, um]

V1 = [v1, …, vr] V2 = [vr+1, …, vn]

<latexit sha1_base64="/03TPNNjw8CSjxz3U9CScPw4mEE="></latexit>

(a) R(U1) = R(A) = N (AT )?

<latexit sha1_base64="S+2ABsa+YRn9w3YXGW/74Um5ICA="></latexit>

(b) R(U2) = R(A)? = N (AT )
<latexit sha1_base64="LULYX0iFdDxXOH4wuCvdP/bGTvw="></latexit>

(c) R(V1) = R(AT ) = N (A)?

<latexit sha1_base64="zjxkhJKDJ3EZwT0JKN6JgavHpMY="></latexit>

(d) R(V2) = R(AT )? = N (A)

provides orthobases 

for the fundamental subspaces
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SVD and the fundamental subspaces
Wrapping it all together: the full picture

A

AT
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SVD and the fundamental subspaces
Wrapping it all together: the full picture

A

AT

SVD gives us ortho-bases for the fundamental subspaces

the right singular vectors V are a basis of ℝn

the left singular vectors U are a basis of ℝm

But more importantly: Restriction T of A from row space to column space is bijective

 is a an orthobasis of the row spaceV1 = [v1, …vr]

 is a an orthobasis of the null space of AV2 = [vr+1, …vn]

 is a an orthobasis of the col. spaceU1 = [u1, …ur]
 is a an orthobasis of the null space of U2 = [ur+1, …um] AT
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SVD and the fundamental subspaces
Wrapping it all together: the full picture

A

AT

Restriction T of A from row space to column space is bijective

 is a an orthobasis of the row spaceV1 = [v1, …vr]

 is a an orthobasis of the null space of AV2 = [vr+1, …vn]

 is a an orthobasis of the col. spaceU1 = [u1, …ur]
 is a an orthobasis of the null space of U2 = [ur+1, …um] AT

The action of T is specified by its action in the corresponding bases

  and the matrix is therefore diagonal in these bases!T vi = Avi = σiui ∀i = 1,…, r

T is a bijection therefore invertible and clearly T−1ui = σ−1
i vi

and this defines the pseudo-inverse:  A+ui = σ−1
i vi ∀i = 1,…r



Low-Rank Approximation
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Consider a full rank matrix
<latexit sha1_base64="YMPK/5ARvJH8Z5YHcOGhlTp2G6k="></latexit>

A 2 Rm⇥n
<latexit sha1_base64="CwccMDyk9Pw1PERqBCtcOIrG1dI="></latexit>

A = U⌃V T

Now construct the following low-rank matrix

<latexit sha1_base64="9lZgO83S6j6KMqno6nK0VX59Zt4="></latexit>

Tk(A) = Uk⌃kV
T
k Uk = [u1, …, uk] Vk = [v1, …, vk]Σk = diag(σ1, …, σk)

<latexit sha1_base64="W96idpU68+7/kV5eMn9+Ixsap5c="></latexit>

Tk(A) has rank at most k

How well does it approximate A?

We will measure the error of approximation with a well-chosen matrix norm

<latexit sha1_base64="vvPQPN6WyPKL4Rnv5EnXV7XH4pg=">AAACHHicbVDLSsNAFJ34rPFVdelmsAh1U5Ja1E2h4sZlhb6gacNkOm2HzCRhZlIoIR/ixl9x40IRNy4E/8ZJ24W2Hrhw5px7uXOPFzEqlWV9G2vrG5tb27kdc3dv/+Awf3TckmEsMGnikIWi4yFJGA1IU1HFSCcSBHGPkbbn32V+e0KEpGHQUNOI9DgaBXRIMVJacvOXDkdqjBFLGqnrF28vzCo0HRlzN6FVO+37+kFHHLkUxromLu033HzBKlkzwFViL0gBLFB385/OIMQxJ4HCDEnZta1I9RIkFMWMpKYTSxIh7KMR6WoaIE5kL5kdl8JzrQzgMBS6AgVn6u+JBHEpp9zTndkpctnLxP+8bqyGN72EBlGsSIDni4YxgyqEWVJwQAXBik01QVhQ/VeIx0ggrHSepg7BXj55lbTKJfuqVHmoFGrlRRw5cArOQBHY4BrUwD2ogybA4BE8g1fwZjwZL8a78TFvXTMWMyfgD4yvH170oEU=</latexit>

Tk(A) =
kX

i=1

�iuiv
T
i



Low-Rank Approximation
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Consider a unitarily invariant matrix norm:  ∥UAVT∥ = ∥A∥

<latexit sha1_base64="61p1TSCak8v32G3SlEUyGgZEVFs="></latexit>

kTk(A)�Ak = kdiag(0, . . . , 0,�k+1, . . . ,�n)k

Frobenius norm: Operator norm:
<latexit sha1_base64="2sLnAmwo/TJkZtOss5WYamCJ/3Y="></latexit>

kTk(A)�AkF =
q
�2
k+1 + . . .+ �2

n

<latexit sha1_base64="I27ygtb/ZKUqK3L4V8wYZLK3x+0="></latexit>

kTk(A)�Ak2 = �k+1

Good approximation when singular values decay fast

We have just solved
<latexit sha1_base64="eaGndDug0M8pb4IC3rzxF34fH2U="></latexit>

argmin
B

kA�BkF or 2 subject to rank(B) 6 r

See Eckart-Young-Mirsky theorem



Low-Rank Approximation

14

The same idea allows finding an  orthogonal matrix s.t. m × k range(Q) ≈ range(A)

minimising (for unitarily invariant norm)
<latexit sha1_base64="+soec+hdHVWA+tf9pf1wEYaojZk="></latexit>

k(I�QQT )Ak

orthogonal projector on range(Q)⊥

Leads to Q = Uk



SVD and Least Squares
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<latexit sha1_base64="JODmHzqoAMkDl7KHx7gyPvLbvoQ="></latexit>

min
x

kAx� bk2, A 2 Rm⇥n b 2 Rm

Assume A has SVD
<latexit sha1_base64="ExTRUCg4FcHAHohSb9BxJ7ZHY1U="></latexit>

A = U⌃V T = U1SV
T
1

We can write the error term as:
<latexit sha1_base64="zpL8tL+8+WxikGSbmDZ+zD2JZ0Q="></latexit>

kAx� bk22 = kSz1 � c1k22 + kc2k22

With:
<latexit sha1_base64="DnTvQrA16Qk6t2zBTlgTRfN9pEk="></latexit>

z = V Tx and c = UT b

Since S is invertible, the minimum error is reached for 
<latexit sha1_base64="xOXz1j7n+EJUIhgm+uCno60xNzU="></latexit>

z1 = S�1c1
<latexit sha1_base64="/DqngWEQ2/KuGjbxtyjNTQp5+j4="></latexit>

min
x

kAx� bk22 = kc2k22



SVD and Least Squares

By switching back to original coordinates:

<latexit sha1_base64="xenLHh9eJyS5p8fRtCLxxWn0xvI="></latexit>

x = V z

= V1S
�1UT

1 b+ V2z2

A+
<latexit sha1_base64="QrOMOucp3+f9zkGnqjj9a/3RCjw="></latexit>

an arbitrary vector in N (A)

And so we recover the general solution:

<latexit sha1_base64="XkSFM83H1j5JHeFJGwWKJXv7cRc="></latexit>

x = A+b+ (I �A+A)y, with y 2 Rm arbitrary



SVD and Least Squares

Moreover, minimum error (least squares residual):
<latexit sha1_base64="1yS0mjvs+Imcu/6RQMcujQsaa1c="></latexit>

kc2k2 = kUT
2 bk2

<latexit sha1_base64="tSHJr1oVuzkHBLxxYee6rE4xNjc="></latexit>

minimum residual , b is orthogonal to all vectors in U2

, b is orthogonal to all vectors in R(A)?

, b 2 R(A)

SVD allows us to quickly recover all our results about Least Squares !



An aside: QR for Least Squares
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Let  be a full column rank matrix (n linearly indep. columns)A ∈ ℝm×n

<latexit sha1_base64="GBrRbiVgQmKMuTn8ITLCayezvsg="></latexit>

aj = A[:, j] 2 Rm j-th column

Gram-Schmidt to the columns:
<latexit sha1_base64="ZdyPzzW96/U67VK1mLdlyZ5HryM="></latexit>

u1 = a1 ! e1 =
u1

ku1k2
u2 = a2 � (eT1 a2)e1 ! e2 =

u2

ku2k2
...

uj = aj �
j�1X

k=1

(eTk aj)ek ! ej =
uj

kujk2

Express in the GS basis
<latexit sha1_base64="TbJ6EbgRazc/+UUKFBMJzYhWVTI="></latexit>

aj =
jX

k=1

(eTk aj)ek



An aside: QR for Least Squares
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<latexit sha1_base64="y8ERhMYVqe/8rVbv2cS82p7Je7Q="></latexit>

aj =
jX

k=1

eTk ajek In matrix form:

<latexit sha1_base64="ZQeBnwnJLBBTxE+iMfFlnI3wZg8="></latexit>

aj = A[; , j] =
jX

k=1

Q[:, k]
ek

R[k, j]
eTk aj

The QR decomposition A = QR
<latexit sha1_base64="Jasuw5BzIhWScG3uyT+hr58mhG4="></latexit>

Q 2 Rm⇥n with orthonormal columns
<latexit sha1_base64="EatIgpcBIJpMMNm2914lISJJDuI="></latexit>

R 2 Rn⇥n upper triangular

Complete Q into an orthonormal basis of ℝm

<latexit sha1_base64="oHiWy+ey+KqoUCv/tUMCZHls5To="></latexit>

U 2 Rm⇥m U = [QQ2]



An aside: QR for Least Squares
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<latexit sha1_base64="EaK3q+Aj2Bo0MeSbDSdGV1Po5wQ="></latexit>

kAx� yk22 = kUTAx� UT yk22
= kRx� c1k22 + kc2k22

We can now easily express the LS residual:

where we used 
<latexit sha1_base64="r3OZOxRAdFmLPXUdSuxUeYeW8+w="></latexit>

UT y =


c1
c2

�

The minimum value of the residual:

<latexit sha1_base64="keu39uVQ7DWs29kev6nH3gpIS38="></latexit>

UTA = [QQ2]
TA =


R
0

�

And we immediately get minimum residual at:
<latexit sha1_base64="XSPXxaBCnOm1J4eyvTLvw+zmP0A="></latexit>

x = R�1c1 = R�1QT y

<latexit sha1_base64="WiHWUjRulqoyrtj0V4wvTmp8xE8="></latexit>

kc2k22 = kQT
2 yk22

<latexit sha1_base64="wkECAt/ZKUoUnMNSeiYTltMnMH8="></latexit>

check that A+ = R�1QT

<latexit sha1_base64="F7EwUbtPRRyHSePcboWT6Mb7rSk="></latexit>

Q2 is orthogonal to R(A)


