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A linear transformation is invertible if and only if it is bijective (1-1 and onto)

ex:
<latexit sha1_base64="zzo3g8In5RUrTAlkNza+I1rnCYE="></latexit>

T : N (A)? ! R(A)
<latexit sha1_base64="Sn/Emt/abS23Sfd9bnNHWF8ieMs="></latexit>

Tv = Av 8v 2 N (A)?

Consider
<latexit sha1_base64="5md41x5+uy4uIFmqdfw9KBnglL4="></latexit>

A : Rn ! Rn and suppose it has n linearly independent columns
<latexit sha1_base64="fJt1uZvfWGWX66PcK8vPc3PUSXA="></latexit>

R(A) = Rn

<latexit sha1_base64="wUzwiiRWrN0nXgAAkHQShQSWo/U="></latexit>

8y 2 Rn 9x1, ..., xn s.t. y = a1x1 + · · ·+ anxn
unique

A is 1-1

full-rank

A is onto

<latexit sha1_base64="PCGdc2GQw+r/e4zC9pC2/pJVit8="></latexit>

y = Ax depends on A and y
<latexit sha1_base64="bmmkNsHzlxCpkrhuL2oT99kwP7c="></latexit>

x = A�1y
linear

<latexit sha1_base64="4JM58DJqwwhE4Up7F970y6kIIMw="></latexit>

A : V ! W is invertible if and only if it is bijective.
<latexit sha1_base64="4QkWjHpcrvYq1hhP0Wje+BhaZ78="></latexit>

If A is invertible then dim(V) = dim(W)
<latexit sha1_base64="5md41x5+uy4uIFmqdfw9KBnglL4="></latexit>

A : Rn ! Rn is invertible (non-singular) if and only if rank(A) = n
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A is onto iff rank(A) = m, equivalent to 

A is 1-1 iff rank(A) = n, equivalent to 

<latexit sha1_base64="7BgT9aHbuMBBaeH4b4yZ4DblRto=">AAAGa3icnZTNbtQwEMfdQpcSPtrSG3CwWFVqUbVK9gAIqaKoqsQBlaWiH9JmqRzvJHUbO8F2Wqo0z8BD8AyIGzwG4iF4B5zsIpp19lJLiUZ//2Y8M/4I0pgp7bq/Z2Zv3Jxr3Zq/7dy5e+/+wuLSg32VZJLCHk3iRB4GREHMBOxppmM4TCUQHsRwEJxulfMHZyAVS8QHfZHCgJNIsJBRoo10tLjma/isJc/fgsbF65fY3w2Cjw </latexit>

Let A : Rn ! Rm

<latexit sha1_base64="1q/i9qUXQxDvXdNAcS3cR6OCL2A="></latexit>

AAT is non-singular

<latexit sha1_base64="qL7BkcPkYcgBb5puJJLpYjuBsCw="></latexit>

ATA is non-singular

Some interesting square matrices from any matrix
<latexit sha1_base64="B9qVsMNJVo2I734hPDVF0VIPWBA="></latexit>

ATA 2 Rn⇥n and AAT 2 Rm⇥m

intuition: range of A is full, null-space of  is trivial  
             so the induced linear transformation from 

AT
<latexit sha1_base64="iTS3hhiPu1AG8yVenQNf7GbSp3M="></latexit>

Rm to itself is bijective

intuition: range of  is full, null-space of A is trivial  
             so the induced linear transformation from 

AT
<latexit sha1_base64="F2DymyTqa53uOHeXhsPugOiK4kM="></latexit>

Rn to itself is bijective

These matrices play a crucial role for constructing “special inverses”
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Even if A is not invertible, it is left (resp. right) invertible iff it is 1-1 (resp. onto)

<latexit sha1_base64="4JM58DJqwwhE4Up7F970y6kIIMw="></latexit>

A : V ! W

A is right invertible if there exists a linear transformation 
<latexit sha1_base64="S1QsClOf3gjurehA2YQghc7KXx4="></latexit>

A�1
R : W ! V

<latexit sha1_base64="LGUXEPnMsoLMuukk/PiWspyep+Q="></latexit>

such that AA�1
R = IW

A is left invertible if there exists a linear transformation 
<latexit sha1_base64="GJwifCQrVvQt5IN27v7Zzma8bEQ="></latexit>

such that A�1
L A = IV

<latexit sha1_base64="tVY/A4BOP5IRs6f4IjJ/sZwUQoM="></latexit>

A�1
L : V ! W

A is right invertible IFF it is onto

A is left invertible IFF it is 1-1
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A is invertible IFF it is both left and right invertible, in which case
<latexit sha1_base64="OOW8alUIJaL2wQLrXxXSMSpmGrg="></latexit>

A�1
L = A�1

R = A�1

Now our special square matrices become useful
<latexit sha1_base64="zNcgsv/NdnNdaj4k8bEZ7bJ4iYI="></latexit>

A is onto ) AAT is nonsingular
<latexit sha1_base64="GO6lAJITBzB5qj3eI744abItGBo="></latexit>

A�1
R = AT (AAT )�1 is a right inverse

<latexit sha1_base64="OrhPToIFxvm665BI4Sv3degGOug="></latexit>

A is 1-1 ) ATA is nonsingular
<latexit sha1_base64="pblXVknVm5Fx0aA72yC21+2EleQ="></latexit>

A�1
L = (ATA)�1AT is a left inverse

Rem: 

  if there exists a unique left inverse, then A is invertible


        if there exists a unique right inverse, then A is invertible

<latexit sha1_base64="A1npFFboAk1PRtSHXmS7QZaK9bA="></latexit>

A : V ! V
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A little motivation (we’ll get back to it later)

<latexit sha1_base64="4JFuBMIbTHz4zE/vz83CWl/3sA0="></latexit>

Ax = b
<latexit sha1_base64="9SeRrx8EafD5kamvvDzfVoOkzbI="></latexit>

A 2 Rm⇥m and non-singular ) x = A�1b

Suppose there exists
<latexit sha1_base64="m94sdJvULC8ieVozl/0rk6bd6sY="></latexit>

G 2 Rm⇥n s.t AGy = y 8y 2 R(A)

<latexit sha1_base64="OI5gIlQocBUQH8Sy6dCC7xqmN3s="></latexit>

A 2 Rn⇥m and b 2 R(A)

<latexit sha1_base64="E2pppTH4gGydGJ/SFGl6bN6C94A="></latexit>

x = Gb is a solution
<latexit sha1_base64="pdWwyvSttQ9+rcz39YHGG7UCg3c="></latexit>

AGA = Aand
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<latexit sha1_base64="82awMX4RA7JTj2/mVo6cykvEuBo="></latexit>

8A 2 Rm⇥n 9G 2 Rn⇥m s.t AGA = A

G = Generalized Inverse (always exists but not necessarily unique)

If the inverse of  exists, it is a generalised inverse (and there is only one) A ∈ ℝn×n

<latexit sha1_base64="x/OPx98yrlgLX5t6PTZK5W3fS6I="></latexit>

A(A�1)A = A

<latexit sha1_base64="pMgylp+Mf/EM5SRQGb9p5ysDVQI="></latexit>

G = A�1(AGA)A�1 (inverse exists)

= A�1(A)A�1 ( generalized inverse)

= A�1
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An explicit form for G:
<latexit sha1_base64="FzVjhf4Mb0HYsLacjELsvQxgzpA="></latexit>

A 2 Rm⇥n
r

Any m-by-n matrix of rank r can be put in that form by performing rows 
and columns permutations. 

<latexit sha1_base64="XJ5jYX4Kqhe4FtckQtFyJAoWO1k="></latexit>

A =

✓
A11 A12

A21 A22

◆
with  is r-by-r and invertibleA11

Then:
<latexit sha1_base64="l26UpEljdL+vSumDTyhApsDnWlI="></latexit>

G =

✓
A�1

11 0
0 0

◆
2 Rn⇥m is a generalised inverse

This shows any matrix has a generalised inverse. Can you see why ?
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A generalised inverse computes a projection !

<latexit sha1_base64="S32QSvCzCaKdq6syQpOcb/RnO/Q="></latexit>

A 2 Rm⇥n and G 2 Rn⇥m a g-inverse

<latexit sha1_base64="pJeqKT9/xb2uKyv6ymmvMZUtaCs="></latexit>

AG is a projection onto R(A)
<latexit sha1_base64="ODzTZNkAWj5ot938nbwyQMeMY9Q="></latexit>

GA is a projection onto R(AT )

column space

row space
<latexit sha1_base64="pxYNn0cIVVcfcfGA1DNsEtksHf0="></latexit>

R(A)
<latexit sha1_base64="yFOWlGxXhnuyXHVyT5eLskrUkSY="></latexit>

R(AT )

<latexit sha1_base64="7niJUTC40Rbfj1AmX7DazEhynDs="></latexit>

x 2 Rn
<latexit sha1_base64="D/JmHlRVXirqo8g27TehltTZXIk="></latexit>

y = Ax 2 R(A)
<latexit sha1_base64="OtbMPPr6H1mwr3WYOPuSqz0inwQ="></latexit>

x⇤ = Gy 2 R(AT )<latexit sha1_base64="huPxbakbhSmhGirvyFA9AFyZjig="></latexit>

x⇤ = GAx
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Can this be useful to solve tougher problems ? 

<latexit sha1_base64="S32QSvCzCaKdq6syQpOcb/RnO/Q="></latexit>

A 2 Rm⇥n and G 2 Rn⇥m a g-inverse

<latexit sha1_base64="pxYNn0cIVVcfcfGA1DNsEtksHf0="></latexit>

R(A)

<latexit sha1_base64="yFOWlGxXhnuyXHVyT5eLskrUkSY="></latexit>

R(AT )

<latexit sha1_base64="OtbMPPr6H1mwr3WYOPuSqz0inwQ="></latexit>

x⇤ = Gy 2 R(AT )

<latexit sha1_base64="6++fBTigogOa3W50mfNOW/aO8No="></latexit>

Ax = y but y /2 R(A)???

<latexit sha1_base64="29HFM0+N6eDoo4dYAKUQVxLxTaU="></latexit>

y 2 Rm

<latexit sha1_base64="vY8045NIx1NKkvsNBDFN7g5sPqc="></latexit>

y⇤ 2 R(A)
<latexit sha1_base64="0UptxvPshLii3FA+sn2Em7Kp1eE="></latexit>

y⇤ = AGy

What would be the best possible  ?y*
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Goal: show the existence and main properties of a generalised inverse for arbitrary 
         matrices. Computational aspects and applications to systems of linear equations 
         and least squares problem in next lectures

arbitrary linear transformation between finite dimensional vector spaces
<latexit sha1_base64="Ldc3ZrFZ3rH4kWdC7IvcWLUfHnE=">AAAGaHicnZTdahQxFMfTatc6fnSrFyLehC6VKmXZ2QsVoVgpBa/qWuyH7Cwlk81M006SaZLZskznDXwL38BbfQ/xFXwHwWS60s5m9qaBwOGf3zk55+QjTBOqdKfze27+1u2Fxp3Fu969+w8eLjWXH+0rkUlM9rBIhDwMkSIJ5WRPU52Qw1QSxMKEHISnW3b9YESkooJ/1uOUDBiKOY0oRtpIR83n79/CgCF9jFGSHxYwkDQ+1k </latexit>

A : X ! Y
<latexit sha1_base64="W1/AkKFwsSMeIiKiFnYZE0cZVEo="></latexit>

T : N (A)? ! R(A)
<latexit sha1_base64="DQXUsPIdCAyf3B2MeXxXhAK2gzs="></latexit>

Tx = Ax 8x 2 N (A)? T is bijective

<latexit sha1_base64="Qj7XTQvQqcuwQbqOTVtFF68D7Zw="></latexit>

Define A+ : Y ! X
<latexit sha1_base64="A+s/bqujDaFso6ASPr9aNWBPMLM="></latexit>

A+y = T�1y1 where y = y1 + y2 with y1 2 R(A) and y2 2 R(A)?

 is the Moore-Penrose pseudoinverse of AA+
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 always exists and is unique! In particular for any rank r matrix A+ <latexit sha1_base64="GCrPSdRpGDf6g7vSEWWSd96yMiI="></latexit>

A 2 Rm⇥n
r

Some properties that characterise any G =  if and only ifA+

(P1) AGA = A

(P2) GAG = G

(P3)  = AG(AG)T

(P4)  = GA(GA)T

Rem: any nonsingular matrix satisfies (P1-4)

        any left or right inverse satisfies at least 3 of these properties
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Another characterisation
<latexit sha1_base64="GCrPSdRpGDf6g7vSEWWSd96yMiI="></latexit>

A 2 Rm⇥n
rLet then

<latexit sha1_base64="TFRIonHaUYvgSRRIUbm24fVSHjw="></latexit>

A+ = lim
�!0

(ATA+ �2I)�1AT

= lim
�!0

AT (AAT + �2I)�1

Interestingly:

if A is onto (independent rows) then
<latexit sha1_base64="G8ur3Uu/2k17r7uV95ZgrIiczco="></latexit>

A+ = AT (AAT )�1 (right inverse)

if A is 1-to-1 (independent columns) then
<latexit sha1_base64="+q7kGOSc5djIxL5fkkuHjSx2FZo="></latexit>

A+ = (ATA)�1AT (left inverse)
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It is a generalised inverse with more constraints!

It always exists (like g-inverse) and is unique (unlike most g-inverse)

(P1) AGA = A

(P2) GAG = G

(P3)  = AG(AG)T

(P4)  = GA(GA)T

G is a generalised inverse of A !

A is a generalised inverse of G !

AG is symmetric (and we know it is a projection …)

GA is symmetric (and we know it is a projection …)
<latexit sha1_base64="2+4gWIe+5FXN12+SzgEdWC7GwNM="></latexit>

G = A+
<latexit sha1_base64="9y73v4SwTfBmj/5vPxoJsW/nFLg="></latexit>

(A+)+ = A
<latexit sha1_base64="nOK/S7t8puTztQHwirzR++qOf6s="></latexit>

AA+ is the orthogonal projection onto R(A)
<latexit sha1_base64="5vHtoINYNfDcwjhfPK1ILRr8WG8="></latexit>

A+A is the orthogonal projection onto R(AT )
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 is a tall matrix , full column rank nA ∈ ℝm×n m ≥ n

Ex: more equations than unknowns
<latexit sha1_base64="xj+oza2SycYr7J6K/t71s6LVaF0="></latexit>

A+ = (ATA)�1AT
we know this is invertible (full column rank)

and that the orthogonal projection on the range of A is:

<latexit sha1_base64="6Z3UyeemqNqziF5YArF2lp2Wzvs="></latexit>

PR(A) = A(ATA)�1AT

= AA+

<latexit sha1_base64="pxYNn0cIVVcfcfGA1DNsEtksHf0="></latexit>

R(A)
<latexit sha1_base64="yFOWlGxXhnuyXHVyT5eLskrUkSY="></latexit>

R(AT )

<latexit sha1_base64="ho8y4LLJ6XxVZGROWuEMbJWKJUQ="></latexit>

x⇤ = A+y 2 R(AT )

<latexit sha1_base64="39v63Rzo2ucI5aCKKlBi25i3JYs="></latexit>

y 2 Rm
<latexit sha1_base64="wnPLR7llRBZH8Ib49opMmPpLjS0="></latexit>

y⇤ 2 R(A)
<latexit sha1_base64="h2Bx/Hd6pKjN5tZdrDdq3ch+Ksg="></latexit>

y⇤ = AA+y


